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&-$'!I A/' "-*&$*3 #%!$('-*&$#%! #0 F#&/ !&*%(*-( *%( ,'&#- <%$&' '3'2'%&!

$% #2")&*&$#%*3 '3'&-#2*5%'&$! *-' #,'-'( $% 6OP℄I ?#- &/' 2#-' &/'#-'&$*3

*!"'&! #0 QR(R3' '3'2'%&! .' -'0'- &# 6OE℄I



 ! "#$%&'(  ) *+,%'(,+-. $./ /+,,+%$&+-. +. &#' .-/$0 $%%(-$#

 !" #""$ %& '&$"( "("%*&'+,#"%- .+/" 0*&0+,+%-&# -# (+*," +#$ &'0("1 $&2

'+-#3 +#$ &/"* + *"(+%-/"(4 (&#, %-'" 30+# !+3 -#*"+3"$ %!" $"'+#$ 5&* !-,!2&*$"*

'"%!&$36 7&."/"*8 #"-%!"* !-,!2&*$"* 9: : '"%!&$3 #&* !-,!2&*$"* /"%&* 9;

'"%!&$3 +*" $"/&-$ &5 0*+%-+( $*+.<+=36 7-,!2&*$"* 9: : '"%!&$3 5+-( %& "52

5"%-/"(4 !+#$(" &'0("1 ,"&'"%*-"3 .!"*"+3 !-,!2&*$"* /"%&* 9; '"%!&$3 ><+3"$

&# !-,!2&*$"* ?@$@(" "("'"#%3 ABC℄ 5&* "1+'0("E ("+$ %& ,(&<+( '+33 '+%*-"3

.-%! *"(+%-/"(4 (+*," <+#$.-$%!3 >+5%"* &0%-'+( *"&*$"*-#,E6  !" %-'"2-#%",*+%-&#

3!"'"3 %& 3&(/" 3F! 343%"'3 +*" -# %F*# &'0F%+%-&#+((4 *+%!"* "10"#3-/"6  !"3"

$-GF(%-"3 !+/" '&%-/+%"$ %!" $"/"(&0'"#% &5 $-3&#%-#F&F3 H+("*=-# >:HE I#-%"2

"("'"#% '"%!&$3 AJK8 JJ℄8 %&,"%!"* .-%! 30"%*+( "("'"#% '"%!&$3 ABJ℄6 L# <&%!

%!" 5*"MF"#42$&'+-# 5&*'F(+%-&# ANO8 NP8 QK8 QR8 SR℄ +#$ %!" %-'"2$&'+-# 5&*2

'F(+%-&# ARP8 JR8 NJ8 BP℄ 3-,#-I+#% 0*&,*"33 !+3 <""# '+$"6 T#" &5 %!" '&3%

0*&'-3-#, '"%!&$3 5&* &'0(-+%"$ ,"&'"%*-"3 -3 %!" !-,!2&*$"* #&$+( :H '"%!&$

&5 7"3%!+/"# +#$ U+*<F*%&# ANJ℄8 .!-! 0*&/"$ <&%! +F*+%" +#$ "G-"#% 5&*

%!" 30+%-+( $-3*"%-3+%-&#6 L# %-'" -#%",*+%-&#8 !&."/"*8 %!" (&.23%&*+," VF#,"2

WF%%+ >VWE '"%!&$ %!" +F%!&*3 +00(-"$ 0&3"3 + &'0+*+%-/"(4 3%*-#,"#% %-'"23%"0

&#3%*+-#%8 .!-! '+4 %F*# &F% %& <" %!" <&%%("#"= 5&* (&#,2%-'" -#%",*+%-&#6

9F*%!"*'&*"8 I1"$2&*$"* %-'"2-#%",*+%-&# 3!"'"3 '+4 30&-( %!" !-,!2&*$"* &#2

/"*,"#" &5 %!" ,(&<+( 3!"'"6 L# %!" '"+#%-'"8 5&* $-3&#%-#F&F3 5&*'F(+%-&#3 &5

&#/"%-&#2$&'-#+%"$ 0*&<("'3 AJJ℄ -% !+3 <""# 3!&.# -# AOR℄ +#$ -# ARP℄ %!+% %!"

%-'"23%"0 *"3%*-%-&# '+4 <" (&&3"#"$ -5 ." F3" X%*&#,2X%+<-(-%42Y*"3"*/-#, VF#,"2

WF%%+ >XXY2VWE '"%!&$3 &5 &#" &*$"* !-,!"* %!+# %!" 0&(4#&'-+( &*$"* &5 %!"

30+%-+( $-3*"%-3+%-&#6

L# %!-3 !+0%"*8 ." 3%F$4 %!" <"!+/-&F* &5 %!" !-,!2&*$"* #&$+( 3!"'" .!"#

3"/"*+( &5 %!" <"3%23F-%"$ %-'"2-#%",*+%-&# '"%!&$3 +*" F3"$6 L# 0+*%-F(+*8 ." !+/"

+ (&3"* (&&= +% %!" $-30"*3-&# +#$ $-33-0+%-&# 0*&0"*%-"3 &5 %!" VF#,"2WF%%+ $-32

&#%-#F&F3 H+("*=-# >VW:HE '"%!&$ &'0*-3-#, %!" #&$+( !-,!2&*$"* :H '"%!&$

+#$ %!" XXY2VW '"%!&$6  !" '+-# '&%-/+%-&# 5&* F3-#, %!-3 0+*%-F(+* %-'"2

-#%",*+%-&# 3!"'" -3 -%3 *"(+%-/"(4 ."+= %-'"23%"0 *"3%*-%-&#6  !-3 0*&0"*%4 -'0(-"3

%!+% ." +# *"%+-# !-,!2&*$"* +F*+4 .-%!&F% (&3-#, 'F! &# %!" &'0F%+%-&#+(

.&*= '"+3F*"$ +3 %!" #F'<"* &5 &0"*+%-&#36

 !" (-%"*+%F*" &# %!" $-30"*3-&# +#$ $-33-0+%-&# 0*&0"*%-"3 &5 %!" :H '"%!&$

!+3 -# *""#% 4"+*3 <"&'" +<F#$+#%6 Z %!&*&F,! +#+(43-3 &5 %!" $-30"*3-&# +#$

$-33-0+%-&# <"!+/-&F* &5 %!" :H '"%!&$ 5&* %!" %*+#30&*% "MF+%-&# >3+(+* (-#"+*

&#3"*/+%-&# (+.E .+3 ,-/"# -# AR℄8 .!-! +(3& 0*&/-$"$ + 0*&&5 5&* "+*(-"* &#["2

%F*"38 "30"-+((4 5*&' ANC℄6  !" 3"'-2$-3*"%" 343%"' 5&* %!" .+/" "MF+%-&# !+3 +(3&

<""# "1%"#3-/"(4 3%F$-"$ AO8 BK8 PR℄6 L# 0+*%-F(+*8 %!" +F%!&*3 -# AO℄ 0*&/-$"$ %.&

$-\"*"#% $-30"*3-&# +#+(43"3 5&* %!" 3"'-2$-3*"%" .+/" "MF+%-&# &# %"#3&* 0*&$F%

"("'"#%36 T#" 5&* %!" -#%"*-&* 0"#+(%4 :H '"%!&$ >LY2:HE &5 %!" 3"&#$2&*$"*

.+/" "MF+%-&# +#$ +#&%!"* 5&* %!" ,"#"*+( :H '"%!&$ 5&* + I*3% &*$"* 343%"'6

 !" #&/"(%4 &5 %!-3 !+0%"* .-%! *",+*$3 %& %!" $-30"*3-&# +#$ $-33-0+%-&# <"2

!+/-&F* &5 :H '"%!&$3 (-"3 -# -#(F$-#, %!" %-'" -#%",*+%-&# -# %!" +#+(43-36 U"

&#3-$"* %!" $-3*"%-3+%-&# &5 %!" I*3%2&*$"* 343%"' *"(+%"$ %& %!" ]+1."(( "MF+2

%-&#38 3& &F* 3!"'" 5+((3 -# %!" +%",&*4 &5 .!+% %!" +F%!&*3 +(( %!" ^,"#"*+( :H

'"%!&$_ -# AO℄6  !*&F,!&F% %!-3 !+0%"* ." +00(4 + 5F((4 F0.-#$-#, #F'"*-+( `F18



 ! "#$%&'' &()#*+,-.  /

 !"$ !% &' ()*+$,  -($)!*).,-$ %*  %'/!0! '%!*" '", 0'1 *2  (-)!*- 3*,$ .%* %&$

$"%$)$, *) 3!4$, 5-4$ 2*) %!3$6,$($",$"% ()*/0$3 789℄; <" ='+$6()*('>'%!*"

()*/0$3 !% ! *2%$" 3*)$ ',+'"%'>$*- %* 1"*= %&$ *"+$)>$"$ )'%$ *2 %&$ ,! ($)6

 !*" '", ,!  !('%!*" $))*) %&'" %&'% *2 %&$ $))*) !" %&$ L26"*)3; ?&$ $ *"+$)>$"$

)'%$ &'+$ /$$" $ %'/0! &$, !" 7@℄ 2*) %&$  $3!6,! )$%$ %)'" (*)% $A-'%!*"; B*) %&$

>$"$)'0 CD  &$3$E %* =&!& %&$ "*,'0 CD 3$%&*, ,! -  $, &$)$ /$0*"> E !% &' 

/$$"  &*=" !" 79℄ %&'% - !"> F) %6*),$) (*0G"*3!'0 !" %&$  ('%!'0 ,! )$%! '%!*"

)$ -0% !" ' ,! ($) !*" $))*) *2 *),$) O(h4) '", ' ,!  !('%!*" $))*) *2 *),$) O(h3)
2*) %&$  $3!6,! )$%$  G %$3; <" %&! &'(%$) =$  &*=E %&)*->& "-3$)!'0 $4'3(0$ E

&*= %&$ ,! ($) !*" '", ,!  !('%!*" $))*) *"+$)>$ !" %&$ 2-00G ,! )$%$ &!>&6*),$)

HICD  &$3$ 2*) %&$ 0!"$') '-%*"*3*- 2*)3 *2 %&$ J'4=$00 $A-'%!*" ;

?&$ )$3'!"!"> (')% *2 %&! &'(%$) ! *-%0!"$, ' 2*00*= ; <" K$%!*" L;L =$

)$'00 %&$  G %$3 *2 %!3$6,*3'!" J'4=$00 $A-'%!*" '", )$,-$ !% %* %&$ 0!"$')

'-%*"*3*- 2*)3; ?&$  ('%!'0 ,! )$%! '%!*" ! /)!$5G )$+!$=$, !" K$%!*" L;9 '",

%&$ HI  &$3$ 2*) %&$ %$3(*)'0 ,! )$%! '%!*" !" K$%!*" L;8; M"$6,!3$" !*"'0 '",

%=*6,!3$" !*"'0 B*-)!$) '"'0G ! ! '))!$, *-% !" K$%!*" L;NE '", %&$ '  *!'%$,

"-3$)!'0 )$ -0% E '0*"> =!%&  *3$ *%&$) "-3$)!'0 %$ % E ')$ ()$ $"%$, !" K$%!*"

L;O; P$)$ =$ $4'3!"$ %&$ /$&'+!*-) *2 %&$ ,! ($) !*" '", ,!  !('%!*" $))*) !"

%$)3 *2 %&$ 3$ &  !Q$ ($) ='+$ 0$">%& '", %&$  !Q$ *2 %&$ %!3$  %$(; B!"'00GE =$

 -3 -( *-) *"0- !*" !" K$%!*" L;R;

 ! "#$%&'' &()#*+,-.

S$ /$>!" =!%& ,$)!+!"> %&$ ,!3$" !*"0$  %!3$6,*3'!" 2*)3 *2 %&$ J'4=$00 $A-'6

%!*" !" %&$ %&)$$6,!3$" !*"'0 ,*3'!" Ω ⊂ R3; T*0,2'$  G3/*0 &$)$ )$2$) %*

+$%*) F$0, E !;$; F$0, !" R3 → R3; S!%& %&$ $ "*%'%!*" %&$ J'4=$00 $A-'%!*" 

)$',
∂D

∂t
= ∇× H − J ,

∂B

∂t
= −∇× E, UL;@V

∇ · D = ̺, ∇ · B = 0, UL;LV

=!%& &')>$ ,! %)!/-%!*" ̺(x, t)E (* !%!*" +$%*) x = (x, y, z) ∈ ΩE %&$ "'/0' *($)'6

%*) ∇ =
(

∂
∂x , ∂

∂y , ∂
∂z

)
'", %!3$ t; ?&$ +$%*) +'0-$, A-'"%!%!$ ')$ %&$ $0$%)! F$0,

E(x, t)E %&$ $0$%)! 5-4 ,$" !%G D(x, t)E %&$ 3'>"$%! F$0, H(x, t)E %&$ 3'>"$%!

5-4 ,$" !%G B(x, t) '", %&$ $0$%)! -))$"% ,$" !%G J(x, t); B*) 3'"G '((0!'%!*" 

!% ! )$' *"'/0$ %* '  -3$ %&'% %&$ 3'%$)!'0 ')$ ! *%)*(!E 0!"$') '", %!3$6!"+')!'"%;

?&- %&$  G %$3 *2 $A-'%!*" ! 0* $, =!%& %&$ 0!"$') *" %!%-%!+$ )$0'%!*" 

D = εrE, B = µrH, UL;9V

=&$)$ %&$  '0') A-'"%!%!$ εr(x) '", µr(x) ')$ %&$ ($)3!%%!+!%G '", ($)3$'/!0!%GE

)$ ($%!+$0G; B-)%&$)3*)$E M&3W 0'=

J = σE



  !"#$%&'  ( )*+$&'+*,- #-. .*++*$#%*,- *- %"& -,.#/ #$$',#"

 !"# $#!%" &'($ )!)(+' #,%-('.'(/ σ(x, t)0

1# #2( ', ($) ,#,3%'4),"'#, ! 5#+4 #5 ($) 6 7&)!! )8- ('#," 9:0;<=9:0:<> &)

?+"( ',(+#%-) ('!%)% . +' 2!)" (# +)@+)"),( ($) %'4),"'#, ! ?)!%"0 1$) "@)' !

,#( ('#," ε̃0  ,% µ̃0 "( ,% 5#+ ($) %'4),"'#, ! @)+4'(('.'(/  ,% @)+4) 2'!'(/ #5

. --40 A/ -"',B ($) ,#+4 !'")% "@ )  ,% ('4) . +' 2!)"

x =
x̃

L̃
, t =

t̃

L̃/c̃0

,

&'($ +)5)+),) !),B($ L̃  ,% %'4),"'#, ! "@))% #5 !'B$( ', . --4 c̃0 = 1/
√

ε̃0µ̃0>

($) @$/"' ! ?)!%"  +) 4 %) ,#,3%'4),"'#, ! ($+#-B$ ($) +)! ('#,"

E =
Ẽ

Z̃0H̃0

, H =
H̃

H̃0

, J =
J̃

H̃0/L̃
.

C)+) Z̃0 =
√

µ̃0/ε̃0  ,% H̃0  +) ($) 5+))3"@ ) ',(+',"' '4@)% ,)  ,% +)5)+),)

4 B,)(' ?)!% "(+),B($> +)"@)('.)!/0

D'($ ($) #,"('(-('.) +)! ('#," 9:0E<> )8- ('#," 9:0:<  +) F-"( ($) #,"'"(),/

#,%'('#," 5#+ 9:0;<0 1# ")) ($ ( @#',(> &) #,!/ ,))% (# ( G) ($) %'.)+B),) #5 9:0;<>

 @@!/ 9:0:<  ,% 9:0E<  ,% +) !'") ($ ( ($) +)"-!( ,( )8- ('#, +)@+)"),(" ,#($',B )!")

2-( $ +B) #,")+. ('#,> &$'$ "$#-!%  !& /" $#!%0 H#,")8-),(!/>  " !#,B  " ($)

','(' ! #,%'('#," " ('"5/ 9:0:<  ,% ($) ?)!%" ).#!.)  #+%',B (# 9:0;<> ($) "#!-('#,

 (  ,/ ('4) &'!!  !"# " ('"5/ 9:0:<0 I( '" ($)+)5#+) ),#-B$ (# #,"'%)+ #,!/

εr
∂E

∂t
= ∇× H − J , µr

∂H

∂t
= −∇× E, 9:0J<

', &$'$ ($) #,"('(-('.) +)! ('#," 9:0E<  +)  !"# ',!-%)%0 K" 5#+ ($) 2#-,% +/

#,%'('#,"> #,) '4@#+( ,( "@)' !  ") '" ($ ( #5 @)+5)( )!)(+' #,%-(#+" 9LMH<0

1$)") +) %

n̂ × E = 0, n̂ × H = 0, 9:0N<

&'($ #-(& +% @#',(',B ,#+4 ! .)(#+ n̂0 A)(&)), 4 ()+' ! ',()+5 )"> ', ($)  2"),)

#5 "-+5 ) -++),("  ,% "-+5 ) $ +B)> ($) 5#!!#&',B #,%'('#,"  +) . !'%

n̂ × [[E]] = 0, n̂ · [[εrE]] = 0, 9:0O<

n̂ × [[H]] = 0, n̂ · [[µrH]] = 0,

&$)+)

[[u]] = u+ − u−

%),#()" ($) F-4@ ', ($) ?)!% . !-) u0 1$) )7@+)""'#," 9:0O< +)@+)"),( ($) @$/"3

' ! @+#@)+(/ ($ ( ($) ( ,B),(' ! #4@#,),(" #5 2#($ ?)!%"  +) #,(',-#-"  +#""

%'P)+),( 4 ()+' !"> &$)+) " ($) ,#+4 ! #4@#,),(" 4 / 2) %'"#,(',-#-"0



 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'( $( %2,.  "

 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'( $( %2,.

 ! "##$%&'(")! )*! +%,-)'%.+ )% )*! /"&0!,, !1-")'%.+ '. +#"! -+'.3 )*! *'3*4

%$5!$ .%5", 5'+%.)'.-%-+ 6",!$7'. (!)*%5 '.)$%5-!5 '. 89:℄ ".5 <-$)*!$ +)-5'!5

'. 89=℄ ".5 8>?℄@ A. )*! <%,,%0'.3 0! B$'!CD $!E'!0 )*! ("'. <!")-$!+ %< )*'+ 5'+4

$!)'+")'%.@

 ! %.+'5!$ )*! /"&0!,, !1-")'%.+ '. )*! 3!.!$", 5%("'. Ω ⊂ R3 F,,!5 0')*

.%.4%.5-)'E! (")!$'",+ Gσ = 0H ".5 $!0$')! G:@9H '. )*! C-& <%$(

Q(x)
∂q

∂t
+ ∇ · F (q) = 0, G:@IH

0*!$! Q(x) $!#$!+!.)+ )*! (")!$'", #$%#!$)'!+J q '+ )*! E!)%$ %< )*! F!,5 E",-!+

".5 F (q) = [F1(q), F2(q), F3(q)]
T
5!.%)!+ )*! C-&@ K"(!,DJ

Q(x) = diag (εr, εr, εr, µr, µr, µr) , q =

[
E

H

]
, Fi(q) =

[
−ei × H

ei × E

]
,

0*!$! ei '+ )*! %$$!+#%.5'.3 L"$)!+'". -.') E!)%$@  ! +!!7 )*! .-(!$'", +%,-)'%.

'. )*! %(#-)")'%.", 5%("'. ΩK )!++!,,")!5 '.)% K .%.4%E!$,"##'.3 !,!(!.)+J '@!@

Ω ≈ ΩK =

K⋃

k=1

Ωk.

M!$! ΩK $!#$!+!.)+ " )!)$"*!5$", )!++!,,")'%. '. )*$!! 5'(!.+'%.+ ".5 " )$'".3-,"$

)!++!,,")'%. '. )0% 5'(!.+'%.+@

N!<%$! <%$(-,")'.3 )*! 5'+%.)'.-%-+ 6",!$7'. 5'+$!)'+")'%.J 0! '.)$%5-! )*!

+)".5"$5 G%$ $!<!$!.!H !,!(!.) Ωst = T d <%$ 5'O!$!.) +#")'", 5'(!.+'%.+ d@ P*!+!
"$! 5!F.!5 "+

T 1 = {ξ : − 1 ≤ ξ ≤ 1}
'. %.! 5'(!.+'%.J

T 2 = {ξ = (ξ, η) : − 1 ≤ ξ, η, ξ + η ≤ 0}

'. )0% 5'(!.+'%.+ ".5

T 3 = {ξ = (ξ, η, ζ) : − 1 ≤ ξ, η, ζ, ξ + η + ζ ≤ −1}

'. )*$!! 5'(!.+'%.+@ Q"* !,!(!.) Ωk '+ %.+)$-)!5 BD )*! '.E!$)'B,! ("##'.3

X k(ξ) : Ωst → ΩkJ 0*'* '+ -.'1-! <%$ ".D 3'E!. !,!(!.)@ R%$ 5!)"',+ +!! )*!

!&)!.+'E! B%%7 8S:℄@  ! .%0 5!F.! )*! F.')! !,!(!.) +#"! "+

Vh =
{

qk
N ∈

(
L2(Ω)

)2d
: qk

N (X k(ξ)) ∈ Pd
p (Ωst), k = 1, . . . ,K

}
, G:@>H

0*!$! L2(Ω) '+ )*! +#"! %< +1-"$! '.)!3$"B,! <-.)'%.+ %. Ω ".5 Pd
p (Ωst) 5!.%)!+

)*! +#"! %< d45'(!.+'%.", #%,D.%('",+ %< ("&'(-( %$5!$ p %. )*! $!<!$!.! !,!4
(!.) Ωst@ T'.! )*'+ #%,D.%('", +#"! '+ "++%'")!5 0')*

N =
(n + d)!

n! d!



 ! "#$%&'(  ) *+,%'(,+-. $./ /+,,+%$&+-. +. &#' .-/$0 $%%(-$#

 !"#$ %!& '( ξi ∈ Ωst) *+ #  !* & '-!".+ '/+ 0.$'&"&0+ (&! #$ 1#2-# 2+ %!$34

 !0&#$( Li(ξ) %#((& 2 '/-!.2/ '/+(+  !"+(5

Li(ξj) = δij , *&'/ δij =

{
1 &6 i = j,

0 &6 i 6= j.

7#8& 2 '/+ 1#2-# 2+ %!$3 !0&#$( #( '-&#$ 6. '&! ( # " .(& 2 '/+ 0#%%& 2 X k(ξ))
*+ #%%-!9&0#'+ '/+ (!$.'&! #' '/+ N  !"#$ %!& '( *&'/& +#/ +$+0+ ' #(

qk(x, t) ≈ qk
N (x, t) =

N∑

i=1

qk
i (t) (Li(x))

2d ∈ Pd
p (Ωk),

*/+-+ qk
N (x, t) &( '/+ : &'+ +$+0+ ' #%%-!9&0#'&! ) # " qk

i (t) -+%-+(+ '( '/+ (!$.4
'&! #'  !"#$ %!& ' xj ∈ Ωk;

7/+ "&('-&<.'&! !6 '/+  !"+( &( # 8+3 &((.+ 6!- '/+ %-!%+-'&+( !6 '/+ & '+-%!4

$#'&! ) +(%+&#$$3 6!- =+-3 /&2/4!-"+- #%%-!9&0#'&! (; >' &( <+(' 0+#(.-+" <3 '/+

1+<+(2.+ ! ('# ' #((!&#'+" *&'/ '/+ 1#2-# 2+ %!$3 !0&#$( 2!& 2 '/-!.2/ # %#-4

'&.$#- (+' !6  !"+(; 7/+ 1+<+(2.+ ! ('# ' (/!*( ?.(' /!* $!(+ # 2&=+ %!$3 !0&#$

#%%-!9&0#'&! &( '! '/+ <+(' %!$3 !0&#$ #%%-!9&0#'&! ; 7/+ 0!(' %!%.$#- /!&+(

6!-  !"+( & (%+'-#$@hp +$+0+ ' 0+'/!"( #-+ '/+ A+8+'+ %!& '( BCD℄ # " '/+ +$+4

'-!('#'& %!& '( BFG) HI℄; >' (/!.$" <+  !'+" '/#' #$'/!.2/ '/+ A+8+'+ %!& '( /#=+

'/+ <+(' & '+-%!$#'&! %-!%+-'&+( J$!*+(' 1+<+(2.+ ! ('# 'K & # '-&# 2$+ 6!- !-4

"+-( p ≥ 9)  ! "&('-&<.'&! 6!- # '+'-#/+"-! /#( (! 6#- <++ %-!=&"+"; L J#$0!('K

!%'&0#$ "&('-&<.'&! !6 '/+ +$+'-!('#'&  !"+() /!*+=+-) &( 2&=+ 6!- # '-&# 2$+ & 

BFG℄ # " 6!- # '+'-#/+"-! & BHI℄; M!-+!=+-) '/+ +$+'-!('#'& %!& '( #$(! %+-6!-0

($&2/'$3 <+''+- 6!- !-"+-( p ≤ 8 & '-&# 2$+(; 7/+ "&('-&<.'&! !6 '/+(+  !"+( & '/+

('# "#-" '-&# 2$+ &( (/!* & A&2.-+ N;I 6!- !-"+-( p = 2, 4, 6, 10; O+ #$(!  !'+

'/#' '/+  !"#$ "&('-&<.'&! ( & # '-&# 2$+ # " '+'-#/+"-! *&'/ # L24 !-0 !%'&4

0#$ 1+<+(2.+ ! ('# ' *+-+ "+'+-0& +" & BID℄ # " BIG℄; P!*+=+-) '/+(+  !"+() & 

! '-#(' *&'/ '/+ A+8+'+ # " +$+'-!('#'& %!& '() "!  !' /#=+ # +"2+ "&('-&<.'&! 

*/&/ # <+ &"+ '&:+" *&'/ Q#.((41!<#''!4R#!<& %!& '(; O+ -+6+- '! BSN℄ 6!-

6.-'/+- !=+-=&+* !  !"#$ J# " 0!"#$K (%+'-#$@hp 0+'/!"(;

7! 6!-0.$#'+ '/+ "&(! '& .!.( Q#$+-8& (/+0+) *+ :-(' & '-!".+ '/+ $!#$

&  +- %-!".' # " &'( #((!&#'+"  !-0 ! Ωk #(

(u,v)Ωk =

∫

Ωk

u · v dx, ‖u‖2
Ωk = (u,u)Ωk

# " ! &'( <!. "#-3 ∂Ωk #(

(u,v)∂Ωk =

∫

∂Ωk

u · v ds.

O+ 0.$'&%$3 JN;CK *&'/ '/+ $!#$ '+(' 6. '&! φ ∈ Pd
p (Ωk)) /!(+ '! <+ '/+ (#0+

& '+-%!$#'& 2 1#2-# 2+ %!$3 !0&#$( Li(x) 6!- '/+ '-&#$ <#(&( 6. '&! () "-!% '/+



 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'( $( %2,.  3

 !"#$ $&"' k ()* &)'#+$('# ,- "($' ./#$ #0#1#)' Ωk '. .,'(&) '2# .)'&)!.! 

3#(4 5.$1!0('&.)

(
Q

∂q

∂t
, φ

)

Ωk

− (F ,∇φ)Ωk = − (n̂ · F , φ)∂Ωk , ∀Ωk ⊂ ΩK . 6789:

;# '2#) $#"0(# '2# .)'&)!.! /($&(,0# q 3&'2 &' *& $#'# .!)'#$"($' qN < ()*

'2# #=(' >!= F 3&'2 '2# )!1#$&(0 >!= F̂ '. (.!)' 5.$ '2# 1!0'&?/(0!#* '$(# 

(' '2# #0#1#)' ,.!)*($-8 @&)(00-< &)'#+$('&.) ,- "($' 5.$ '2#  #.)* '&1# $# !0' 
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 !"#$% &'()  !"$%&'$($) *&)+$' ,&% &%-"%' p = 2, 4, 6, 10



 ! "#$%&'(  ) *+,%'(,+-. $./ /+,,+%$&+-. +. &#' .-/$0 $%%(-$#

 ! "#$ % &($"$ )*(+,-." *!
(

Q
∂qN

∂t
+ ∇F N , φ

)

Ωk

=
(
n̂ ·

[
F − F̂

]
, φ

)

∂Ωk
. /01234

5#$ ( 6#"7#.!% & %$ *) /01234  & ($&8*!& 9-$ )*( "#$ *++,! ." *! 9$":$$!

"#$ $-$+$!"& "#(*,6# "#$ !,+$( .- ;,< F̂ 1 5#$ (*-$ *) "#$ !,+$( .- ;,<  !

"#$ 8($&$!" &8." .- % &($" &." *!  & % &,&&$%  ! =>?℄  ! "#$ - 6#" *) "#$ A.<:$--

$ 6$!B.-,$ 8(*9-$+1 5#(*,6#*," "# & #.8"$(C :$ ,&$ "#$ ,8: !% ;,< =DD℄C :#$($

 !)*(+." *! "(.B$-& .-*!6 -*.- :.B$ % ($" *!&1

E! *(%$( "* )*(+,-."$ "#$ ,8: !% ;,<C :$ F(&"  !"(*%,$ "#$  +8$%.!$ Z .!%

"#$ *!%,".!$ Y %$F!$% .&

Z = Y −1 =
√

µr/εr.

G$ .-&*  !"(*%,$ "#$ .&&* ."$% H,.!" " $&

Z± =
1

Y ± =

√
µ±

r

ε±r
, Z̄ =

Z− + Z+

2
, Ȳ =

Y − + Y +

2
.

5#$ ,8: !% ;,< ." % $-$"(   !"$().$& "#$! ($.%& .&

n̂ · F̂ =
1

2

[
Z̄−1

(
−n̂ × Z−H−

N − n̂ × Z+H+
N + n̂ × n̂ × [[EN ]]

)

Ȳ −1
(
n̂ × Y −E−

N + n̂ × Y +E+
N + n̂ × n̂ × [[HN ]]

)
]

, /01224

:#$($
(
E−

N ,H−
N

)
.!%

(
E+

N ,H+
N

)
%$!*"$ "#$ -*.- .!% !$ 6#9*,( !6 &*-," *! ."

"#$ 9*,!%.(I *) ΩkC ($&8$" B$-I1 G$ $+8#.& &$ "#." "#$ (*&& 8(*%,"  & %$F!$%

9$":$$! B$"*(& ." $.# !*%$ *) "#$ $-$+$!"1 J*( . %$". -$% %$( B." *! *) "#$

,8: !% ;,< :$ ($)$( "* =DD℄1 G$ &#*,-% .-&* ($*6! &$ "#."

n̂ · F N =

[
−n̂ × H−

N

n̂ × E−
N

]
,

.!% *+9 ! !6 "# & : "# /01224C "#$ 8$!.- & !6 9*,!%.(I "$(+ : -- !*: ($.%

n̂ ·
(
F N − F̂

)
=

1

2

[
Z̄−1 (Z+n̂ × [[HN ]] − n̂ × n̂ × [[EN ]])

Ȳ −1 (−Y +n̂ × [[EN ]] − n̂ × n̂ × [[HN ]])

]
.

5* *9". ! "#$ &$+ 7% &($"$ &I&"$+ :$  !"(*%,$ "#$ N 79I7N -*.- +.&& .!% &" K7

!$&& +."( $& .&

Mij = (Li(x), Lj(x))Ωk , S
x
ij = (Li(x), ∂xLj(x))Ωk , /01204

S
y
ij = (Li(x), ∂yLj(x))Ωk , S

z
ij = (Li(x), ∂zLj(x))Ωk ,

.!% "#$ ).$79.&$% +.&& +."( $&

Fil = (Li(x), Ll(x))∂Ωk , /012?4



 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'( $( %2,.  3

 !"#" $!" %"'() *()"+ *% ,*-*$") $' $!" .'/()0#*"% '1 Ωk2

3" 0( (' "+4#"%% $!" %"-*5)*%#"$" %!"-" 0% $!" 1',,' *(6 %7%$"- '1 '#)*(0#7

)*8"#"($*0, "9/0$*'(%

dEx
N

dt
=(εrM)

−1
(SyHz

N − S
zHy

N )

+ (εrM)
−1

F

(
n̂ × Z+ [[HN ]] − n̂ × [[EN ]]

Z+ + Z−

)x
∣∣∣∣∣
∂Ωk

,

dEy
N

dt
=(εrM)

−1
(SzHx

N − S
xHz

N )

+ (εrM)
−1

F

(
n̂ × Z+ [[HN ]] − n̂ × [[EN ]]

Z+ + Z−

)y
∣∣∣∣∣
∂Ωk

,

dEz
N

dt
=(εrM)

−1
(SxHy

N − S
yHx

N )

+ (εrM)
−1

F

(
n̂ × Z+ [[HN ]] − n̂ × [[EN ]]

Z+ + Z−

)z
∣∣∣∣∣
∂Ωk

,

:;2<=>

dHx
N

dt
= (εrM)

−1
(SzEy

N − S
yEz

N )

+ (εrM)
−1

F

(
n̂ × Y + [[EN ]] + n̂ × [[HN ]]

Y + + Y −

)x
∣∣∣∣∣
∂Ωk

,

dHy
N

dt
= (εrM)

−1
(SxEz

N − S
zEx

N )

+ (εrM)
−1

F

(
n̂ × Y + [[EN ]] + n̂ × [[HN ]]

Y + + Y −

)y
∣∣∣∣∣
∂Ωk

,

dHz
N

dt
= (εrM)

−1
(SyEx

N − S
xEy

N )

+ (εrM)
−1

F

(
n̂ × Y + [[EN ]] + n̂ × [[HN ]]

Y + + Y −

)z
∣∣∣∣∣
∂Ωk

.

:;2<?>

@"#" $!" A",)% Ex
N B E

y
N B E

z
N B H

x
N B H

y
N B 0() Hz

N #"4#"%"($ $!" )*%#"$" '/($"#40#$%

'1  "#"$ A",)%2 C!0$ *% $!" #"0%'( $!"7 0#" ('$ $74"%"$ .',)10"B )"%4*$" (' 

."*(6 *( 10$ D"$'#% 0% 0 #"%/,$ '1 $!" )*%#"$*%0$*'(2 E( '($#0%$B  " "D0,/0$" $!"

(/-"#*0, F/+ *( $!" #*6!$5!0() %*)" '1 :;2<=>G:;2<?> 0$ "0! (')" 0$ $!" .'/()0#7

'1 $!" ","-"($ /%*(6 $!" )*%#"$" '/($"#40#$% '1 %&'($ A",)%2 C!"( 0$ "0! (')"

$!" '##"%4'()*(6 '-4'("($ '1 $!" #"%/,$*(6 D"$'# *% $0H"(2

C!" 0)D0($06"% '1 $!" 0.'D" )"%#*.") )*%#"$*%0$*'( 0#" )*%/%%") *( )"$0*, *(

I=;℄ 0() IK<℄B  !"#" 0 (/-."# '1 (/-"#*0, "+0-4,"% 0#" 0,%' 4#'D*)")2 @"#" *$

%/L"% $' -"($*'( *$% '4$*-0, F"+*.*,*$7 1'# -"%! #"A("-"($B $!" 4'%%*.*,*$7 '1

*()"4"()"($ 0)M/%$-"($ '1 4',7('-*0, '#)"#% *( "0! ","-"($ :hp50)04$0$*'(>B *$%



 ! "#$%&'(  ) *+,%'(,+-. $./ /+,,+%$&+-. +. &#' .-/$0 $%%(-$#

 ! ## $% & '()'*+$ )$ &+'+## # )*&,% '- +$. %/+% )$#0 *+%'1!2*+%'1! *,#%1&#12

+%1)$- +' $  . . .,'1$3 %/ %1* 1$% 3'+%1)$4 5$ %/1- /+&% '6 /)7 8 '6 ),' +1* 1-

%) +$+#0- %/ &')& '%1 - )( %1* 21$% 3'+%1)$ * %/).- -,1%+9# ()' %/1- -&+%1+# :;

.1-' %1-+%1)$6 %/ ' ()' 7 +-- *9# %/ #)+# - *12.1-' % -0-% * <=4>?@A<=4>B@

1$%) + 3#)9+# *+%'1! +$. )$-1. ' %/ C+9-%'+%D - *12.1-' % -0-% *

dqh

dt
= Aqh, <=4>E@

7/ ' A 1- %/ 3#)9+# *+%'1! +$. qh = [Eh,Hh]
T
' &' - $%- %/ $,* '1+# +&&')!2

1*+%1)$ %) %/ F #.- 1$ %/ )*&# % .)*+1$4 G/ *+%'1! +-- *9#0 1- -)* 7/+%

# $3%/0 9,% -%'+13/%()'7+'.6 +$. 1% ()##)7- %/ -%+$.+'. &') .,' 4 H  IB=℄ ()'

 !+*&# 4

 !" #$%&'()$**+ *,-'(.*'//,%& -'*012.

K')* %/ &)1$% )( 81 7 )( %1* 1$% 3'+%1)$6 )$ )( %/ *+1$ .1L,#%1 - 1$ /13/2

)'. ' -& %'+#Mhp  # * $% * %/).- 1- %/ ' -%'1%1)$ )$ %/ %1* -% & )(  !&#11%

%1* 21$% 3'+%1)$ -/ * -4 K)' /0& '9)#1 -0-% *- 1$ 3 $ '+#6 +$. ()' %/ +.8 %1)$

 N,+%1)$ 1$ &+'%1,#+'6 1% 1- O$)7$ <-  IB=℄6 ()'  !+*&# @ %/+% %/ *+!1*,*  13 $2

8+#, )( %/ - *12.1-' % 3#)9+# *+%'1! 3')7- +- O(p2) 71%/ &)#0$)*1+# )'. ' p6
/ $ %/ %1* -% & 1- ,-,+##0 9),$. . 90 O(1/p2)4 G/ %1* 2-% & ' -%'1%1)$ %/ $

+$ 3 $ '+##0 9 %+O $ +-

∆t ≤ ∆tmax = CFL(p)
hk

ck
, <=4>P@

7/ ' hk 1- %/ *1$1*,*  .3 # $3%/ )( +##  # * $%- +$. ck 1- %/ *+!1*,*

7+8 -&  . 1$ %/ .)*+1$4 Q ' %/ &+'+* % ' CFL . & $.- )$ %/ . 3'  )(

%/ &)#0$)*1+#- ,- . 1$ %/ -&+%1+# .1-' %1-+%1)$4 5( 7 +&&#0 +$0 318 $ %1* 2

1$% 3'+%1)$ -/ * 71%/ F! . )'. ' <14 4 1$. & $. $% )( %/ &)#0$)*1+# )'. ' p@
%) %/ - *12.1-' % -0-% * <=4>E@6 7 /+8 

CFL(p) = C
1

p2
, <=4>R@

7/ ' C 1- + )$-%+$%6 %0&1+##0 )( )'. ' )$ 4 G/1- )$.1%1)$ *+0 %,'$ ),% %) 9 

'+%/ ' ' -%'1%18 +- 7 3) %) /13/ ' +$. /13/ ' )'. ' +&&')!1*+%1)$-6  8 $ 71%/ +

-#13/%#0 1$' +-1$3 8+#, ()' C <-  H %1)$ =4E@4

G/ #)72-%)'+3 S,$3 2T,%%+ -/ * - 1$%')., . 1$ I>E℄ +' +*)$3 %/ *)-%

&)&,#+' /)1 - ()' %1* 1$% 3'+%1)$ )( %/ :; -&+ 2.1-' %1- . U+!7 ##  N,+%1)$-4

H%)'+3 +$ 9  -- $%1+# ()' #+'3 2-+# )*&,%+%1)$- +$. #)72-%)'+3 -/ * - ' 2

N,1' )$#0 %7) -%)'+3 ,$1%- & ' V:W 8+'1+9# 4 5( 7 )$-1. ' %/ V:W -0-% *

du

dt
= L(u), <=4>X@



 !" #$%&'()$**+ *,-'(.*'//,%& -'*012.  3

 !"#$ %&  !"#%"&'( !) '*" )!+,'*-!,.", /0"-('12" 3!4-('!,12" 5+&2"-6+''1 7"'*!.

i ai bi

1 0 0.14965902199923
2 −0.41789047449985 0.37921031299963
3 −1.19215169464268 0.82295502938698
4 −1.69778469247153 0.69945045594912
5 −1.51418344425716 0.15305724796815

 !" #"$"%&' m() &#" '*+() *%&#" ,-$#"(.-  & )!"0" 1234 56℄ &$ 8" +%9  "$ 9$  !"

:*%0

u(0) = un, v(0) = 0,

v(i) = aiv
(i−1) + ∆tL(u(i−1)), i = 1, . . . ,m, ;<=<>?

u(i) = u(i−1) + biv
(i), i = 1, . . . ,m,

un+1 = u(m),

+!"%" *$'@ u &$A &$ &-B9'9&%@ C&%9&8'" v 0-) 8" ) *%"A= D!" *"E9"$ ) ai &$A bi

!&C" 8""$ A" "%09$"A :*% & $-08"% *: A9F"%"$ '*+() *%&#" ,-$#"(.-  & )!"0")=

G"" 156℄ &$A 1H>℄ :*% 0*%" A" &9')= I$  !9) !&J "% +" *$)9A"%  !" :*-% !(*%A"%

KC"() &#" '*+() *%&#" )!"0" &')* &JJ'9"A 9$ 13<℄= D!" *"E9"$ ) +" -)" &%" '9) "A

9$ D&8'" I=

L$" J*))98'" +&@  * &!9"C" & +"&M"%  90"() "J %") %9 9*$ 9)  !" &JJ'9& 9*$

*: GGN(,. )!"0")= I$ 1H5℄ 9 +&) )!*+$  !& :*%  !" '9$"&% &- *$*0*-) )@) "0

;<=5O?  !" '&)) *: m() &#" '9$"&% GGN(,. )!"0")4 #9C"$ %"-%)9C"'@ 8@

u(0) = un,

u(i) = u(i−1) + ∆tLu(i−1), i = 1, . . . ,m − 1 ;<=<5?

u(m) =
m−2∑

k=0

αm,ku(k) + αm,m−1

(
u(m−1) + ∆tLu(m−1)

)
,

un+1 = u(m)

+!"%" α1,0 = 1 &$A

αm,k =
1

k
αm−1,k−1, k = 1, . . . ,m − 2

αm,m−1 =
1

m!
, αm,0 = 1 −

m−1∑

k=1

αm,k,

&%" m !(*%A"% &-%& "= D!9) +&) "B "$A"A  * '9$"&% $*$(&- *$*0*-) )@) "0) 8@

P!"$ " &'= 15Q℄= I$  !& +*%M  !" &- !*%) A"0*$) %& "A  !& +!"$ &JJ'9"A  *#" !"%



 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#

 !"# "#$ &'((!'& )!(*+"!+,*,( -'&$./!+ 0$"#*) 1234 22℄4 "#$ 66789: (#$0$ ;!<$(

(p + 1)("8*.)$. *+<$.;$+$  !"# "#$ ("'=!&!"> =*,+)

CFL(p) = C
1

2p + 1
?2@22A

 !"# C = 14 '( &*+; '( B*. ' ;!<$+ (C'"!'& )!(.$"!('"!*+ *B C*&>+*0!'& *.)$. p4 "#$
*..$(C*+)!+; 66789: 0$"#*) #'( *.)$. p + 1@ D#$ ("'=!&!"> .$;!*+( *B ($<$.'&
66789: 0$"#*)( '+) "#$ &* 8("*.';$ E<$8("';$ B*,."#8*.)$. 9,+;$8:,""' 0$"#*)

'.$ )!(C&'>$) !+ F!;,.$ 2@2@

 !" #$%&'()( *+ ,-. /)(0.1()*$ %$/ /)(()0%,)*$ .11*1

G .!"!'& B'"*. !+ "#$ +,0$.!'& (!0,&'"!*+ *B  '<$8C.*C';'"!*+ !( "#$ '."!E!'&

)!((!C'"!*+ '+)H*. )!(C$.(!*+ !+I!"$) *+ "#$  '<$( ),$ "* +,0$.!'& )!(.$"!('"!*+

$..*.(@ J+ *.)$. "* '+'&>($ "#$($ C.*C$."!$( *B "#$ )!K$.$+" (#$0$(4  $ .$(*."

"* "#$ *+$8)!0$+(!*+'& '+) " *8)!0$+(!*+'& B*.0( *B "#$ L'M $&& $N,'"!*+(  !"#

C$.!*)! =*,+)'.> *+)!"!*+(@ F!.("4 "#$($ .$),$) 0*)$&( '.$ B*.0,&'"$) '+) "#$+

 $ C$.B*.0 ' +,0$.!'& F*,.!$. '+'&>(!( *B "#$ B,&&> )!(.$"$ (#$0$( "* !+<$("!;'"$

"#$ )!(C$.(!*+ '+) )!((!C'"!*+ $..*.( '( ' B,+"!*+ *B 0$(# (!O$ C$.  '<$ &$+;"#

'+) "!0$ ("$C@ D#!( '+'&>(!( C.*<!)$( !0C*."'+" !+B*.0'"!*+ *+ "#$ ',.'> *B

"#$ (#$0$( .$;'.)!+;  '<$ 0*"!*+ '+) "#$ .$&'"!*+ =$" $$+ "!0$ ("$C4 0$(# (!O$

'+) C*&>+*0!'& *.)$.@

 !"!# $%&' '()%*+,- +- ,-' %-. */, .+0'-1+,-1

D#$ L'M $&& $N,'"!*+( !+ *+$ )!0$+(!*+ .$')

εr
∂E

∂t
= −∂H

∂x
, µr

∂H

∂t
= −∂E

∂x
, ?2@2PA

*. "#$> '+ =$ $MC.$(($) => "#$  '<$ $N,'"!*+

∂2E

∂t2
− 1

εrµr

∂2E

∂x2
= 0,

!+ "#$ )*0'!+ Ω ⊂ R@ J+ *+($.<'"!<$ B*.0 ?2@QA4 "#!( .$')(

Q
∂q

∂t
+ ∇ · F (q) = 0 ?2@2RA

 !"#

Q = diag(εr, µr), q =

[
E
H

]
, F (q) =

[
H
E

]
.

F*. "#$ " *8)!0$+(!*+'& '+'&>(!(  $ "'/$ "#$ ".'+(<$.($ 0';+$"! ?DLA C*&'.!('"!*+

*B "#$ L'M $&& $N,'"!*+(

µr
∂Hx

∂t
= −∂Ez

∂y
,



 !" #$%&'()( *+ ,-. /)(0.1()*$ %$/ /)(()0%,)*$ .11*1 23

0.2

0
.2

0.
2

0.2

0.2

0
.4

0.4

0
.4

0.4

0.4

0.4

0
.6

0.6
0.6

0
.6

0.6

0.
6

0.8

0.8

0
.8

0.8

0.8

1

1

1

1

1

1

RK45CK

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

0.2

0.
2

0.
2

0.4

0
.4

0
.4

0
.6

0
.6

0.6

0.8

0
.8

0.
8

1

1

1

1

SSP−RK3

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

0.2

0.2

0
.4

0
.4

0.4

0.4

0.6

0
.6

0.
6

0.6

0.8

0
.8

0
.8

0.
8

1

1
1

1

SSP−RK4

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

0.2

0.2

0.2

0.4

0
.40.

4

0.4

0.4

0
.6

0
.6

0.6

0.
6

0.
6

0
.8

0.8

0
.8

0
.8

0.8

0.8

1

1

1

1

1

SSP−RK5

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

0
.2

0
.2

0
.2

0
.2

0
.4

0.
4

0
.4

0.
4

0
.6

0.6

0
.6

0.
6

0
.6

0
.6

0
.8

0.8

0
.8

0.8

0.8

0.8

1

1

1

1

1

1
1

SSP−RK6

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

0
.2

0
.2

0
.2

0.2

0.2

0
.4

0.4

0
.4

0.4

0
.4

0
.6

0.6

0
.6

0.6

0.
6

0
.8

0.8

0
.8

0.8

0.
8

1

1
1

1

1

1

1

SSP−RK7

Real axis

Im
a
g
in

a
ry

 a
x
is

−6 −4 −2 0 2
−5

−4

−3

−2

−1

0

1

2

3

4

5

 !"#$% &'&(  !"#$%$!& '()$*+, -*' !.( /0(1,!")( -*2'!.1*'3(' 42+)(152!!" 6(!.*3 7!*8
%(-!9 "+3 -*' /0( 3$:('(+!   ;145 6(!.*3, *- *'3(' m = 3, 4, 5, 6, 7



 ! "#$%&'( !) *+,%'(,+-. $./ /+,,+%$&+-. +. &#' .-/$0 $%%(-$#

µr
∂Hy

∂t
=

∂Ez

∂x
,

εr
∂Ez

∂t
=

∂Hy

∂x
− ∂Hx

∂y
,

 !"! "$ %&%"' ()*"+%,('- -. -!( $(.'/0.1/(1  %+( ()*%-".'2

∂2Ez

∂t2
− 1

εrµr
∇2Ez = 0.

3!*$  ( %11"+( %- -!( 41$-0.1/(1 $5$-(6 789:;

Q
∂q

∂t
+ ∇ · F (q) = 0, 7898<;

 "-!

Q = diag(µr, µr, εr), q =




Hx

Hy

Ez



 , F (q) =




0 −Ez

Ez 0
Hy −Hx



 .

 !"! #$%&'(%$)* +*, ,$%%$&+-$)* +*+./%$% )0 -1' 2.)3+.

%1'5'

=.1 -!( %'%,5$"$ .> -!( >*,,5 /"$1(-( $!(6($2  ( .'$"/(1 7898?; %'/ 7898<; "' -!(

/.6%"'$ Ω = [−1, 1] %'/ Ω = [−1, 1]
2
2 1($@(-"+(,59 =*1-!(16.1(2  ( *$( *'">.16

6($!($ %'/ %$$*6( -!%- -!( A.*'/%1"($ %1( @(1"./"9

2.'3/+4'.,+-.$0 5-6(+'( $.$07,+,

B( %1( @1"6%1",5 "'-(1($-(/ "'  %+( @1.@%&%-".' %'/ "' -!( %$$."%-(/ /"$@(1$".'

%'/ /"$$"@%-".' (11.1 .> -!( CDEF $!(6(9 B( .'$"/(1 -!( .'(0/"6('$".'%, $(6"0

/"$1(-( $!(6( 789GH;

dqh

dt
= Aqh

"' -!( /.6%"' Ω = [−1, 1] 4,,(/  "-! +%**6 7.1 %"1; %'/ %$$*6( % 6.'.!1.6%-"

@,%'(  %+( 7 !"! "$ %,$. % =.*1"(1 6./(;

qh(0) = q0
h =

[
eikxh , eikxh

]T

%$ "'"-"%, .'/"-".'9 I(1(2 xh 1(@1($('-$ -!( +(-.1 .> -!( './($ *$(/ >.1 -!( $@%-"%,

/"$1(-"$%-".'9 B( /('.-( -!( %'&*,%1  %+( >1()*('5  "-! ω9 3!( (J%-  %+(
'*6A(1 k "$ &"+(' A5 -!( /"$@(1$".' 1(,%-".' k2 = ω2/c22  "-! c A("'& -!( $@((/ .>
,"&!-9 3!( -"6(0(J%- /"$1(-( =.*1"(1 6./( %- -"6( ,(+(, tn = n∆t  ",, 1(%/

qh(n∆t) = νnqh(0) = e−iωn∆t
[
eikxh , eikxh

]T
7898H;



 !" #$%&'()( *+ ,-. /)(0.1()*$ %$/ /)(()0%,)*$ .11*1 22

 !"# $%&" &()*!+&"!,- .&",/ νn = e−iωn∆t &-0 i2 = −11 2, 3$$ "#$ $4$" ,.
"#$ "!($53"$))!-6 ($"#,07  $ /$)*&$ "#$ $%&" &()*!+&"!,- .&",/ νn  !"# !"3

0!3/$"$ ,8-"$/)&/" νn
h &-0 "&9$ "#$ .8**: 0!3/$"$ ;,8/!$/ (,0$ &3

qn
h = νn

hq0
h = νn

h

[
eikxh , eikxh

]T
. <=1=>?

@- &00!"!,-7  $  /!"$ "#$ AAB5CD 3#$($ &3 & " ,5*$E$* $%)*!!" 3#$($1 2#83

qn+1
h = Bqn

h <=1=F?

#,*03  !"# &()*!+&"!,- (&"/!%

B =

m∑

l=0

1

l!
(∆tA)

l
<=1=G?

&-0  !"# m H$!-6 "#$ ,/0$/ ,. "#$ AAB5CD "!($53"$))!-6 3#$($1 A8H3"!"8"!-6

<=1=>? !-", <=1=F? /$38*"3 !- "#$ $I8&"!,-

νn+1
h

[
eikxh , eikxh

]T
= Bνn

h

[
eikxh , eikxh

]T
,

 #!#7 &."$/ 0!E!3!,-  !"# νn
h 7 /$08$ ", "#$ $!6$-E&*8$ )/,H*$(

νhq0
h = Bq0

h. <=1JK?

A,*E!-6 "#!3 $!6$-E&*8$ $I8&"!,-  !** )/,08$ p + 1 0!4$/$-" E&*8$3 .,/ νh,j <&-0 &3

(&-: ,//$3),-0!-6 $!6$-E$",/3 q0
h,j?1 L$&/!-6 !- (!-0 "#&"

νh,j = e−iω̃h,j∆t,

 !"# !"#$%& -8($/!&* ./$I8$-!$3 ω̃h,j 7  $ &- $3"&H*!3# "#$ 0!3)$/3!,- &-0 0!35

3!)&"!,- )/,)$/"!$3 ,. "#$ 3#$($1 ;,/ "#&"7  $ ,-3!0$/ "#$ /$&* <.,/ 0!3)$/5

3!,-? &-0 !(&6!-&/: <.,/ 0!33!)&"!,-? )&/"3 ,. "#$ ,()*$% -8($/!&* ./$I8$-!$3

ω̃h,j = (i/∆t) ln νh,j 7 "#&" !3

ωh,j = Re [ω̃h,j ] = Re [(i/∆t) ln νh,j ] , ρh,j = Im [ω̃h,j ] = Im [(i/∆t) ln νh,j ] ,

 !"# '%($ -8($/!&* ./$I8$-: ωh,j &-0 -8($/!&* 0!33!)&"!,- ρh,j 7 H,"# ,//$3),-05

!-6 ", "#$ $!6$-E&*8$ νh,j 1 M-$ ,. "#$ ,()8"$0 (,0$3  !** H$ *,3$ ", "#$ ./$I8$-:

,. "#$ )#:3!&* (,0$1 2#!3 /$)/$3$-"3 "#$ &))/,%!(&"!,- )/,)$/"!$3 ,. ,8/ 3#$($1

2#$ ,"#$/ (,0$3 &/$ 3)8/!,831 2, 0$!0$  #!# $!6$-E&*8$ 3#,8*0 H$ ,-3!0$/$07

 $ 0$+-$ "#$ 0!33!)&"!,- $//,/ &3 errdiss
h,j = |ρh,j |− 1 &-0 "#$ 0!3)$/3!,- $//,/ &3 "#$

&H3,*8"$ E&*8$ ,. 0!3)$/3!,- $//,/ errdisp
h,j = |ω − ωh,j |1 2#$ -8($/!&* ;,8/!$/ (,0$

!3 -, "&9$- &3 "#$ *,3$3" $!6$-E&*8$ ", "#$ )#:3!&* (,0$

νh :=

{
νh,j : min

j

√(
errdisp

h,j

)2

+
(
errdiss

h,j

)2
}

. <=1JN?



 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#

 ! "#$ !%&$'(*+ ,(-.$'-(/! *!, ,(--(.*"(/! *!*+0-(- /1 "#$ 1%++0 ,(-'$"$ -#$&$-2

3$ /!-(,$' * 3(,$ '*!4$ /1 5*+%$- 1/' ∆t *!, hk6 7#$ $(4$!5*+%$- /1 896:;< *'$

/&.%"$, (!  !"#!$6

 " (- *+-/ (&./'"*!" "/ /!-(,$' "#$ /!5$'4$!$ /1 "#$ !%&$'(*+ ,(-.$'-(/! *!,

,(--(.*"(/! $''/'6  ! =>℄ * /&.+$"$ ,(-.$'-(/! *!, ,(--(.*"(/! *!*+0-(- /1 "#$ -$&(@

,(-'$"$ *,5$"(/! $A%*"(/! 3*- *''($, /%" 1/' ,(-/!"(!%/%- B*+$'C(! &$"#/,-

3("# #(4#@/',$' "$!-/'@.'/,%" $+$&$!"-6  ! "#*" #*."$' (" 3*- .'/5$! "#*" (! "#$

*-0&."/"( '$4(/! hk = 2πh
λ → 0 83("# λ D$(!4 "#$ 3*5$ +$!4"#< "#$ ,(-.$'-(/!

'$+*"(/! 1/' * p"#@/',$' &$"#/, (- *%'*"$ "/ /',$' 2p + 3 1/' "#$ ,(-.$'-(/! $''/'

*!, /',$' 2p + 2 1/' "#$ ,(--(.*"(/! $''/'6 E$$ =FG℄ *!, =>℄ 1/' &/'$ ,$"*(+-6  ! *

&/'$ '$$!" 3/'C =:℄ "#$ ,(-.$'-(/! *!, ,(--(.*"(/! *!*+0-(- /1 "#$ -$&(@,(-'$"$

3*5$ $A%*"(/! 3*- .'/5(,$, 1/' -/&$ +/3@/',$' -#$&$- 8+(!$*' $+$&$!"- 1/' "#$

4$!$'*+ HB *!, %. "/ "#(', /',$' $+$&$!"- 1/' "#$  I@HB< *!, "#$ *%"#/'- *+-/

/!J$"%'$, /! #/3 "#$ '$-%+"- 3/%+, $K"$!, "/ *'D("'*'0 /',$' $+$&$!"-6 L/' "#$

1%++0 ,(-'$"$ -0-"$& 3$ /!-(,$' #$'$2 "#$ '*"$ /1 /!5$'4$!$ (- *+-/ (!M%$!$, D0

"#$ "(&$@-"$..(!4 &$"#/,6 N/3$5$'2 1/' &/-" ./+0!/&(*+ /',$'- p2 "#$ /!5$'4$!$

/1 "#$ ,(-.$'-(/! *!, ,(--(.*"(/! $''/' -"(++ D0 1*' -%.$'-$,$- "#*" /1 "#$ $''/'

&$*-%'$, (! "#$ l2@!/'&6 7#$ !%&$'(*+ '$-%+"- *'$ ,(-%--$, (! E$"(/! 96O6

34.50,6'/-,./$1 7.8(,'( $/$19-,-

P- (! /!$ ,(&$!-(/!2 3$ *--$&D+$ /%' '(4#"@#*!, -(,$ (!"/ * 4+/D*+ &*"'(K *!,

/!-(,$' "#$ *D-"'*" Q*%#0 .'/D+$& 896>O<

dqh

dt
= Aqh

3#$'$ !/3 q = [Hx
h ,Hy

h , Ez
h]

T
*!, "#$ &*"'(K A '$.'$-$!"- "#$ -$&(@,(-'$"$ -0-"$&

'$-%+"(!4 1'/& "#$ ,(-'$"(-*"(/! /1 8969R<6 7#$ /!+0 ,(S$'$!$ (! "#$ &*"#$&*"(*+

1/'&%+*"(/! "/ "#$ /!$@,(&$!-(/!*+ *-$ (- "#*" "#$ ,(-.$'-(/! '$+*"(/! !/3 '$*,-

k2
x + k2

y = ω2/c26 7#$ "(&$@$K*" ,(-'$"$ L/%'($' &/,$ -*"(-10(!4 8969R< (- $A%*+

"/

qn
h = νn

[
(ky/ω) eikxxh+ikyyh , (−kx/ω) eikxxh+ikyyh , eikxxh+ikyyh

]T
896:9<

(! "#$ "3/@,(&$!-(/!*+ ,/&*(! Ω = [−1, 1]26 L'/& #$'$ 3$ 1/++/3 $K*"+0 "#$ -*&$

+(!$ *- (! "#$ /!$@,(&$!-(/!*+ *-$6 P- (!("(*+ /!,("(/! 3$ "*C$ * &/!/#'/&*"(

.+*!$ 3*5$ 3("# ,(S$'$!" 3*5$ !%&D$'- ky *!, kx D$"3$$! 3#(# "#$ '$+*"(/!

ky = 2kx *+3*0- #/+,-6 7#(- '$.'$-$!"- * &/!/#'/&*"( .+*!$ 3*5$ "'*5$++(!4 *"

*! *!4+$ /1 *D/%" 26.565◦ *4*(!-" "#$ x *K(-6 P- (! /!$ ,(&$!-(/!2 * '*!4$ /1 5*+%$-

/1 ∆t *!, hk *'$ /!-(,$'$,6 T$ !/"$ "#*" 1/' /&.%"(!4 "#$ &*"'(K $K./!$!"(*+

(! 8969G< "#$ -(&.+$ N/'!$'U- '%+$ (- *..+($, 8-$$ =9V℄ 1/' $K*&.+$<6



 !" #$%&'(*+ '&,$+-, ./

 !" #$%&'(*+ '&,$+-,

 !"!# $%&'()*&%+),%-. -0)12

 ! "#$%# &" '!(%)&'*+&% ', &-% ../012 )-%4% #%&+'!) &-% -'*-0"#$%# "!(%#*%!% ",

&-% )5+&'+6 $')#%&')+&'"! 789℄; <% "!)'$%# &-% "!%0$'4%!)'"!+6 +('&= 5#">6%4 '!

&-% $"4+'! x ∈ [−1, 1]; <'&- &<" $'?%#%!& !"!04+*!%&' @µr,1 = µr,2 = 1A 4+&%#'+6)B

C-% 4+&%#'+6 '!&%#,+% ') )'&D+&%$ +& x = 0 +!$ &-% &<" $'?%#%!& 4+&%#'+6) -+(%

+ #%6+&'(% 5%#4'&&'('&= ", εr,1 = 1 +!$ εr,2 = 2.25; #%)5%&'(%6=B C-% %##"# ')

4%+)D#%$ +*+'!)& &-% %E+& )"6D&'"!; <-'- ') '!6D$%$ '! &-% F55%!$'EB G% )%&

&-% ,#%HD%!= ", &-% <+(% +& ω = 2π; &-% )+4% &-#"D*-"D& &-% <-"6% $"4+'!;

<-'- %!&+'6) &-% "##%)5"!$'!* <+(% !D4>%#) k1 = 2π +!$ k2 = 3π; #%)5%&'(%6=B

 ! C+>6%   <% )-"< &-% l20%##"# ‖qN − qexact‖ +& I!+6 &'4% T = 1 ,"# $'?%#%!&

"#$%#) ", &-% 6"+6 5"6=!"4'+6)B J"# &-% &'4% '!&%*#+&'"!; <% D)% &-% (p + 1))&0"#$%#

../012 4%&-"$ @9B8A <'&- "##%)5"!$'!* 4+E'4D4 &'4% )&%5 @9B99AB G% +! )%%

&-+& '! &-% +)=45&"&' #%*'"! hk ≪ 1; (p + 1))&0"#$%# "!(%#*%!% ') +-'%(%$ ,"#

5"6=!"4'+6 "#$%#) p '! &-% #+!*% ", 1 ≤ p ≤ 9B

 ! &-% !%E& %E+456% <% "45+#% &-% 5%#,"#4+!% ", &-% &<" $'?%#%!& &'4%0

'!&%*#+&'"! )-%4%) $%I!%$ '! .%&'"! 9B8B G% +6)" '!6D$% &-% D>'HD'&"D) )&+!$+#$

,"D#&-0"#$%# 12 )-%4% +) + #%,%#%!%B C-% "!)&+!& '! &-% &'4%0)&%5 #%)&#'&'"!

@9B99A ", &-% ../012 )-%4%) ') )%& &" C = 1 ,"# +66 (+6D%) ", 5"6=!"4'+6 "#$%# pB
J"# &-% 6"<0)&"#+*% 1D!*%02D&&+ )-%4% +!$ &-% )&+!$+#$ 1D!*%02D&&+ )-%4%;

<% D)% &-% (+6D% C = 1 '! @9BKLA ,"# p ≤ 5; +!$ &-% (+6D% C = 2 <-%! 5 < p ≤ 10B
G% "!)'$%# &-% )+4% +('&=; >D& !"< I66%$ <'&- (+DD4 @"# +'#A +!$ '!&%*#+&%

,"# + #%6+&'(%6= 6"!* &'4%; D!&'6 T = 1000 &'4% 5%#'"$)B C-% #%)D6&) +#% )-"<! '!

C+>6%    ,"# $'?%#%!& "#$%#) +!$ $'?%#%!& !D4>%# ", %6%4%!&)B G% 4%+)D#% &-%

"45D&+&'"!+6 <"#M +) &-% !D4>%# ", "5%#+&'"!); <-'- ') )'456= "45D&%$ +)

 !" = NT m,

<-%#% NT ') &-% !D4>%# ", &'4% )&%5) !%%$%$ D!&'6 I!+6 &'4% T ; +!$ m #%5#%)%!&)

&-% !D4>%# ", )&+*%) '! + *'(%! 12 )-%4%B J"# %+- 12 )-%4% <% D)% &-%

"##%)5"!$'!* 4+E'4D4 &'4% )&%5 $%I!%$ '! .%&'"! 9B8B C-% &%)& <+) +##'%$ "D&

,"# "#$%#) p = 3; p = 6 +!$ p = 10B .'*!'I+!& $'?%#%!%) '! +D#+=; D5 &" O(4);
"D# >%&<%%! &-% )-%4%) ,"# "#$%#) p = 6 +!$ p = 10B J"# %+- "#$%#; <% '!6D$%

&<" )D>&+>6%); "!% ,"# + #%6+&'(%6= I!% )5+&'+6 *#'$ +!$ "!% ,"# + "45+#+&'(%6=

"+#)% "!%B C-% 4")& ,+("D#+>6% -+#+&%#')&' ", &-% ../012 )-%4%) ') &-+& &-%

>%&&%# +D#+= "D#) <'&-"D& )'*!'I+!&N"# '!$%%$; +!=N'!#%+)% '! &-% !D4>%#

", "5%#+&'"!)B

/%#-+5) %(%! 4"#% '66D4'!+&'!* ') &" )%% -"< 4D- "45D&+&'"!+6 <"#M ')

!%%$%$ &" ">&+'! + *'(%! +D#+=B  ! C+>6%  O <% )-"< &-% !D4>%# ", "5%#+&'"!)

!%%))+#= &" +-'%(% &-% %##"# l2err = 10−5 +& I!+6 &'4% T = 1000B C-% "45+#')"!)

", &-% $'?%#%!& &'4%0'!&%*#+&'"! )-%4%) +#% 4+$% ,"# IE%$ 5"6=!"4'+6 "#$%# +!$

)5+&'+6 4%)-; )" &-+& "!6= &-% &'4% )&%5 <+) 6"<%#%$ '! "#$%# &" $%#%+)% &-% %##"#)B



 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#

 !"#$ %%&  !"#$%&$"$ !( )*$ &+!,-+ $%%!% (!% )*$ !"$./01$"20!"-+ 1$)-++0 -#0)3 4++$/
50)* )5! /06$%$") 1-)$%0-+27 8" $-* -2$ )*$ 9p + 1:2).!%/$% ;;<.=> 2*$1$ 02 -??+0$/7

p = 1 p = 2 p = 3

l2 !""#" $"%!" l2 !""#" $"%!" l2 !""#" $"%!"

Nel = 2 &'())(* ++ ,')-./!0++ &'/)..* ++

Nel = 4 &')(/,* ++ &')-.+ ('1(,/* +& &'212( ,'+&++* +& ,'(),.

Nel = 8 -'.&+2* +& 1'+//1 &'++.-* +& ,'1--+ &'(/&/* +, /')/(,

Nel = 16 &'1)&-* +& ,'&+(. &'.,,2* +, ,'-,+. &'&,1)* +/ /'1/-,

Nel = 32 /'-1+.* +, ,'/,2- &'--))* +/ ,'1&)) 2'-/++* +) .'+.(2

Nel = 64 1'+-+(* +/ ,'+11+ ,'/-1(* +. ,'1-++ .'/,./* +2 /'1-&/

Nel = 128 ,',/&+* +/ ,'+,)& ,'11-)* +) ,'11.) ,'(+.1* +( /'11--

Nel = 256 )')())* +. ,'+++) /'().(* +2 ,'11() &'21+1* +- /'111(

Nel = 512 &'/1..* +. &'111) .'21(,* +( ,'11-- &'+)2-* +1 .'++++

p = 4 p = 5 p = 6

l2 !""#" $"%!" l2 !""#" $"%!" l2 !""#" $"%!"

Nel = 2 ('((.2* +& ,'(1()* +& &'22,.* +&

Nel = 4 )'(+/.* +, /'(2-1 &'+))&* +, .'(,-2 &'-,+,* +/ 2')&/+

Nel = 8 &'1(&&* +/ .'-).- ,'+&(/* +. )'(+-1 &'2..+* +) 2'(1+(

Nel = 16 2')/1&* +) .'1&/- /'&)+.* +2 2'+++( &'/)&.* +( 2'1,2(

Nel = 32 ,'+(/2* +2 .'1(-1 .'122&* +- )'1-(/ &'+)(.* +1 2'11(-

Nel = 64 2'.(//* +- )'++&) ('()1.* &+ 2'++++ -'/)&)* &, 2'1-./

Nel = 128 &'1-1)* +1 )'+,.+ &',&2&* && )'11)2

Nel = 256 2',,&-* && .'11-1 ,'().(* &/ )'.2.,

p = 7 p = 8 p = 9

l2 !""#" $"%!" l2 !""#" $"%!" l2 !""#" $"%!"

Nel = 2 &'.&,.* +, &'))//* +, ('/2+,* +.

Nel = 4 ,'(&&(* +. )'(+,- /'(/&.* +) -'(+&. .'.(),* +2 ('/2&2

Nel = 8 &',)2-* +2 ('()// -',-)1* +- -'-&.1 .'1&&-* +1 1'-/&)

Nel = 16 )'+&,1* +1 ('1211 &'2)+-* &+ -'1(&. .'1,.+* &, 1'12,,

Nel = 32 &'1(/+* && ('1-1& /',(2+* &/ -'1((+

 !"! #$%&'(*+ ,(-.&'-(/0 *0, ,(--(.*1(/0 &''/'

3# #5%67 78! %9:;!":9#5 <5% %9::9;<79#5 <5<=>:9: %!:"9?!% 95 @!79#5 ,')A B! <"">

#67 7B# 7>;!: #C !D;!"9E!57:' F9":7A B! #5:9%!" 78! #5G!"H!5! #C 78! %9:;!":9#5

<5% %9::9;<79#5 !""#": 95 #5! %9E!5:9#5' 38! ;#=>5#E9<=: B! <;;=> C#" 78! :;<79<=

%9:"!79:<79#5 "<5H! C"#E p = 1 7# p = 10A <5% C#" 78! 79E! %9:"!79:<79#5 B! 6:! 78!

#""!:;#5%95H (p+1):7 #"%!" @@I JK :8!E! L,'.M B978 E<D9E6E 79E! :7!; L,',,M'

N!<6:! 78! <76<= !""#": E<> ?! "<78!" :E<== C#" =<"H! G<=6!: #C pA B! 95"!<:!

78! B<G! 56E?!" L786: %!"!<:! 78! B<G! =!5H78M C#" 89H8!" #"%!" ;#=>5#E9<=:'

O#5:!P6!57=>A 78! C#==#B95H B<G! 56E?!": <"! 6:!% 95 #6" #5! %9E!5:9#5<= F#6"9!"
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 !"#$ %%%&  !!"!# $%& "()*+$+,"%$- ."!/ .01% &,21!1%+ +,(13#+1)),%4 #01(1# $!1 $)3
)-,1& +" +01 $5,+6 )!"7-1( .,+0 )"-6%"(,$- "!&1! p8 %*(71! "9 1-1(1%+# Nel $%& &14!11#
"9 9!11&"( DoF $9+1! ,%+14!$+,%4 "51! T = 1000 +,(1 )1!,"&#

p = 3 Nel = 40 !DoF = 160" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*+ ,-.+/01#23 45222+ +-/3,21#2+ /-.//21#2+

67%8$9:$%;*$99$<= 4-44441#23 >22224 5-/,.>1#24 3-.++/1#24

':79<7%< )*+ 4-44441#23 ,/222+ .-444>1#2+ ,-,5,51#24

p = 3 Nel = 20 !DoF = 80" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*+ .-+/051#2/ /0222+ 5-50/01#23 3-3>301#23

67%8$9:$%;*$99$<= .-....1#2/ +42224 >-40>01#2+ 4-/>231#2+

':79<7%< )*+ .-....1#2/ 35222+ /-+3/01#23 .-/+>/1#23

p = 6 Nel = 12 !DoF = 84" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*, .-/0/21#2/ 4+522, .-435+1#2, 5-+3,/1#20

67%8$9:$%;*$99$<= >-/4>/1#23 4+2224 +-,>551#2+ /-3>>31#2+

':79<7%< )*+ >-/4>/1#23 +3/22+ .-.>0/1#23 4->>,51#2+

p = 6 Nel = 6 !DoF = 42" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*, /-45+21#2/ /,322, .-,5+51#24 0-25.01#25

67%8$9:$%;*$99$<= .-04.01#2/ /,2224 ,-54241#23 3-03041#23

':79<7%< )*+ .-04.01#2/ /.522+ .->2551#2/ >-40>51#23

p = 10 Nel = 4 !DoF = 44" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*.. /-30.21#2/ +5/222 .->5/+1#20 >-,./>1#2>

67%8$9:$%;*$99$<= .-22221#2/ 422222 5-4/+51#2+ /-54541#2+

':79<7%< )*+ .-22221#2/ +22222 .-5/>,1#23 5-5+421#2+

p = 10 Nel = 2 !DoF = 22" ∆t = ∆tmax  !" l∞#$%%&% l2#$%%&%

''(#)*.. +-,5.>1#2/ /3.222 3-3.3,1#25 3-/3+.1#25

67%8$9:$%;*$99$<= /-22221#2/ /42222 .-2.>>1#2/ +-423/1#23

':79<7%< )*+ /-22221#2/ /22222 /-430,1#2/ .-./,/1#2/

797?=@A@B
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π AC p = 1, 2 

2π AC p = 3, 4 

4π AC p = 5, 6, 7 

8π AC p = 8, 9, 10-

DE$ $%%&%@ <$F9$< A9 '$:A&9 /-4 79< :E$ %7:$ &C :E$ &9H$%I$9$ 7%$ @E&J9 A9
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 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#

 !"#$ %&'  !"#$%&%'!(&) *!+, (--.-. %! &0'-1- &% )-&2% l2err = 10−5 &$+&3 *0-(
.'4-+-(% %'"-52%-##'(6 20-"-2 &+- &##)'-. %! %0- &1'%3 #+!7)-" *'%0 #!)3(!"'&) !+.-+ p8
($"7-+ !9 -)-"-(%2 Nel &(. .-6+--2 !9 9+--.!" DoF &9%-+ '(%-6+&%'(6 !1-+ T = 1000 %'"-
#-+'!.2

p = 3 Nel = 54 !DoF = 216" ∆t  !" l2#$%%&%

''(#)*+ ,-./..0#1, 2.2311+ /-4,+/0#15

67%8$9:$%;*$99$<= +-223.0#1, 2.23113 /-+/450#15

':79<7%< )*+ ,-./..0#1, 2.2311+ /-4,+/0#15

p = 6 Nel = 6 !DoF = 42" ∆t  !" l2#$%%&%

''(#)*4 .-35+10#1. .4,114 >-152>0#15

67%8$9:$%;*$99$<= ,-41,40#1, 2,31113 /-33+40#15

':79<7%< )*+ .-444>0#1, 2++111+ >-/2/50#15

p = 10 Nel = 2 !DoF = 22" ∆t  !" l2#$%%&%

''(#)*22 +-452/0#1. .,2111 ,-.,+20#15

67%8$9:$%;*$99$<= +-11110#1, 2.31111 4-4>.30#15

':79<7%< )*+ ,-11110#1, 2,,,,,5 5-+2140#15
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:& :B$ J9<?9G@ &D K2℄ 79< K,℄ 7I%$7<= ?F8I?$@ :B7: :B$ ''(#)* :?F$ ?9:$G%7:?&9 B7@

7 I$@@ <&F?979: $M$: &9 :B$ <?@8$%@?&9 79< <?@@?87:?&9 $%%&%@-

N9 :B$ @$&9< $O8$%?F$9: P$ &9@?<$% 7 P?<$ %79G$ &D :?F$ @:$8@ ∆t 79< F$@B

@?Q$@ h 79< $O7F?9$ :B$ <?@8$%@?&9 79< <?@@?87:?&9 $%%&%@ &D :B$ @B$F$@ 7@ 7

DH9:?&9 &D P7C$ I$9G:B 8$% F$@B @?Q$ !λ/h" <$G%$$@ &D D%$$<&F 8$% P7C$ I$9G:B

!DoF/λ" 79< %$I7:?C$ :?F$ @:$8 !∆t/∆tmax"- RB$ C7IH$ ∆t/∆tmax = 1 ?9<?7:$@

:B$ @?Q$ &D :B$ F7O?FHF :?F$ @:$8 <$J9$< 7@ ?9 !.-.." ?9 '$:?&9 .-+- RB$ &9:&H%

8I&:@ &D :B$ <?@8$%@?&9 $%%&% !&% <?@8$%@?&9 $%%&%" D&% :B$ &9$#<?F$9@?&97I 797I=@?@

P?:B P7C$ 9HFE$% k = 2π ?@ @B&P9 ?9 S?GH%$ .-, D&% &%<$%@ p = 1, 2- RB$ @7F$ 8I&:@

D&% :B$ <?@@?87:?&9 $%%&% 7%$ <?@8I7=$< ?9 S?GH%$ .-+- S&% :B?@ %79G$ &D C7IH$@ :B$

<?@8$%@?&9 $%%&% ?@ G$9$%7II= 7: I$7@: &9$ &%<$% B?GB$% :B79 :B$ <?@@?87:?&9 $%%&% 79<

?: 79 E$ ?F8%&C$< E= E&:B :7T?9G @F7II$% :?F$ @:$8@ 79<U&% %$J9?9G :B$ @87:?7I
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V$ 7%%= &H: :B$ @7F$ $O8$%?F$9: ?9 :P& <?F$9@?&9@ &9 7 H9?D&%F G%?< P?:B

P7C$ 9HFE$%@ kx = π 79< ky = 2π D&% &%<$%@ p = 1, 2, 3, 4, 5 79< kx = 2π 79<

ky = 4π D&% &%<$% p = 6- RB$ 9HFE$% &D $I$F$9:@ H@$< :& &9@:%H: :B$ H9?D&%F

F$@B$@ %79G$ D%&F .11 $I$F$9:@ :& > $I$F$9:@ D&% p = 1, 2, 3, 4W D%&F 2.> $I$F$9:@

:& > $I$F$9:@ D&% p = 5W 79< D%&F 4. $I$F$9:@ :& > $I$F$9:@ D&% p = 6- RB$ &9:&H%

8I&:@ &D :B$ <?@8$%@?&9 79< <?@@?87:?&9 $%%&%@ 7%$ @B&P9 ?9 S?GH%$ .-3 79< ?9 S?GH%$

.-5 %$@8$:?C$I=- X&:$ :B7: :B$ @:H<?$< %79G$ &D P7C$ I$9G:B@ 8$% F$@B @?Q$ <?M$%@

@?G9?J79:I= D%&F :B7: &D :B$ &9$#<?F$9@?&97I 7@$ 79< &7@?&97II= D%&F &9$ 79#

&:B$%- N: 79 E$ <$<H$< :B7: :B$ @87:?7I <?@%$:?@7:?&9 <&F?97:$@ :B$ <?@8$%@?&9

$%%&% PB?B ?@ 7II :B$ F&%$ %$I$C79: E$7H@$ :B$ <?@8$%@?&9 $%%&% ?@ 7: I$7@: &9$
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 !"#$ %&  !"#$%&$"$ !( )*$ +,-.$%-,!" $%%!% (!% )*$ !"$/+,0$"-,!"12 31#$ $451),!" ,"
1 .$%,!+, +!01," 3,)* 31#$ "506$%- k = π (!% p = 1, 27 k = 2π (!% p = 3, 47 k = 4π (!%
p = 5, 6, 77 1"+ k = 8π (!% p = 8, 9, 108 9" $1* 1-$ )*$ :p + 1;-)/!%+$% <<=/>? -*$0$
,- 1..2,$+8

p = 1 p = 2

 !!"! #!$%!  !!"! #!$%!

Nel = 2 &'&(&) *++ ,'-,., *+(

Nel = 4 &'//00 *+& (',1(& &')/,/ *+. -'11)-

Nel = 8 .')(1& *+( ('(0-( /'+,10 *+, -'0(.(

Nel = 16 )'&)1+ *+. ('+)-( -'(,.) *+0 -'(-.,

Nel = 32 ('(,1. *+. ('+(00 (',.(1 *+1 -'+1++

Nel = 64 ,'0&0. *+- ('++0) &',0.& *+/ -'+&/(

p = 3 p = 4

 !!"! #!$%!  !!"! #!$%!

Nel = 2 ('/-+& *+& -'.(.) *+(

Nel = 4 &'/-(1 *+. 1'(0/+ /'1-() *+, /'),++

Nel = 8 &'&&+. *+- -'+,(/ )'&./+ *+/ )')+(+

Nel = 16 /'&/+. *+0 .'10(0 .'&1/. *+) -'/-,0

Nel = 32 ,'&11( *+1 .')/&) ,'&-1) *&& ,')-/&

Nel = 64 .'(-+. *+/ .'))/+ /'+/(- *&. ,')).+

p = 5 p = 6 p = 7

 !!"! #!$%!  !!"! #!$%!  !!"! #!$%!

Nel = 2 ('((,+ *++ 0'(10. *+& &'-.+1 *+&

Nel = 4 1',1.& *+. /'&)/1 -'..+1 *+- &+',+& &'/(0. *+, &(').0

Nel = 8 -'/1)0 *+0 &+'0++ -')&/( *+/ &.'&+- .'(,+, *&+ &,'11/

Nel = 16 ('&)), *+/ 1'1).- &',1-- *&& &&'0+) -'0&/, *&. )'-,)+

Nel = 32 .'()). *&+ 0'+,/)

Nel = 64 ,'&0(& *&( ,'))/&

p = 8 p = 9 p = 10

 !!"! #!$%!  !!"! #!$%!  !!"! #!$%!

Nel = 2 .'/(0- *++ /'.//+ *+& &',/(& *++

Nel = 4 -')/,- *+( 0'(0(& 0',(1& *+. 1'++,1 0'0&11 *+- &&'((.

Nel = 8 &'&),& *+0 &,'.-/ .'&&11 *+/ &1'010 0'0-,/ *&+ &)')(,

Nel = 16 0'0&/1 *&( &1'-0(

"!$%! 2342%! 5267 52% $38839653"7 %!!"! :"! 6;; 9";<7"=36; "!$%!8 "783$%!%$' ?7*

"52%! 3=9"!5675 :%65@!%A82"B7 37 C34@!% (')A38 52% $%!%68374 7@=D%! ": $%4!%%8

": :!%%$"= 7%%$%$ 5" "D5637 6 43E%7 6@!6< 68 B% 4" 5" 2342%!*"!$%! %;%=%758'

C"! 378567%F 5" 655637 6 $389%!83"7 %!!"! ": 10−3F B% 7%%$ 6D"@5 &-*&, $%4!%%8

": :!%%$"= 9%! B6E% ;%7452 :"! $38!%538653"7 B352 8%"7$*"!$%! 9";<7"=36;8 67$



 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#

 !"#$ %&'  !"#$%&$"$ !( )*$ +,--,./),!" $%%!% (!% )*$ !"$0+,1$"-,!"/2 3/#$ $45/),!" ,"
/ .$%,!+, +!1/," 3,)* 3/#$ "516$%- k = π (!% p = 1, 27 k = 2π (!% p = 3, 47 k = 4π (!%
p = 5, 6, 77 /"+ k = 8π (!% p = 8, 9, 108 9" $/* /-$ )*$ :p + 1;-)0!%+$% <<=0>? -*$1$
,- /..2,$+8

p = 1 p = 2

 !!"! #!$%!  !!"! #!$%!

Nel = 2 &'()*) +,- &'-.*, +,&

Nel = 4 -'*/-, +,& 0'1&1/ /'(&1) +,) )'.(1*

Nel = 8 -'-&01 +,0 0'.1)- 0'-))- +,( )'(.-.

Nel = 16 /'&)11 +,( 0'1()) -'*.0- +,* )'&&0(

Nel = 32 )'(/&1 +,* 0'1.*. -',,*0 +,/ )',*),

Nel = 64 &'.*)1 +,/ 0'11** *'&-/& +,1 )',-**

p = 3 p = 4

 !!"! #!$%!  !!"! #!$%!

Nel = 2 *'-&0) +,& *'&1/- +,0

Nel = 4 *'.//1 +,) *')/*& -')&(& +,( .'/./0

Nel = 8 )'&*1( +,* /'00-. -'.&&* +,. 1'*--,

Nel = 16 &'.-&) +,. /'&)*- ('1,0/ +-, )'1).&

Nel = 32 &'/0&. +-, *'*.(& 1'((** +-& ('1)1,

Nel = 64 0'*,01 +-& *'&))/ -'(,11 +-0 ('1.),

p = 5 p = 6 p = 7

 !!"! #!$%!  !!"! #!$%!  !!"! #!$%!

Nel = 2 -'/&,1 +,- 0'.0-. +,& .'0-,& +,0

Nel = 4 (')*(- +,) .'&1./ 0'&/() +,( -,'-1& -')-*/ +,* -&'(-.

Nel = 8 &'..() +,/ -,'../ )',1/& +,1 -&'1*( 0'//(. +-- -('-1(

Nel = 16 ('/&01 +-- -&'0,, -'01&& +-& --'(&0

p = 8 p = 9 p = 10

 !!"! #!$%!  !!"! #!$%!  !!"! #!$%!

Nel = 2 .'/-/1 +,& -'-)-/ +,- )',&// +,&

Nel = 4 -'(,/* +,0 ('.(0* &',11/ +,) 1',.*/ &'&)-0 +,( -,'.--

Nel = 8 )'*1&& +,. -)'1/& -'&0)0 +,1 -/'0/* &'*)*. +-- -1'*1&

Nel = 16 &'/)*/ +-0 -/'0.&
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F< "!$%! 5" 7??465!25% 5:25 5:76 76 5:% 26% 9"! 5:% $76>%!67"< 2<$ $7667>257"< 3%+
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[−hed

3 , hed

3 ]  ! "#$% & '($ #!*+ ,%('( hed  * -(!.$% #/ $%( 0! /#'1-2 & *$' "0$(&

3#!(4& 1(!* #!5-6 7"#0!&5'28 (-(1(!$*9 : !( $%( $#$5- !01"(' #/ (-(1(!$*  ! $%(

!#!40! /#'1 1(*%  * $%( *51( 5*  ! $%( 0! /#'1 1(*%+ $%( ;5-0(* DoF/λ *%#0-&

5-*# "( $%( *51( 3"(50*( $% *  * $%( 5*( 7#! 5;('5.(869 <#,(;('+ #! $%( "#$$#1

5=(* $%( *15--(*$ ;5-0( #/ h  * $5>(! /#' #1?0$ !. λ/h9 @%( '(*0-$* 5'( *%#,!  !

A .0'( B9C /#' $%( & *?('* #! (''#' 5!&  ! A .0'( B9D /#' $%( & ** ?5$ #! (''#'9 @%(2

5'( E05- $5$ ;(-2 $%( *51( 5* $%( #''(*?#!& !. '(*0-$* #! 0! /#'1 1(*%(*+ ,% %

&(1#!*$'5$(* $%( '#"0*$!(** #/ $%( FGHI 1($%#&9

 !" #$%'()*%+ ,-./,01

@%( 15 ! ?0'?#*( #/ $% * %5?$(' %5* "((! $# *$0&2 $%( .-#"5- & *?('* #! 5!&

& ** ?5$ #! (''#'* #/ 5 % .%4#'&(' HI *?($'5- (-(1(!$ & *'($ *5$ #! #1" !(& , $%

$%( % .%4#'&(' ::J4FG $ 1(  !$(.'5$ #!9 K( %5;( *%#,! $%5$ "2 5??-2 !. $%( (p+
1)*$4#'&(' ::J4FG *%(1( $# 5 *?5$ 5- & *'($ *5$ #! , $% p$%4#'&(' ?#-2!#1 5-*

,( 5! '($5 ! (p + 1)*$4#'&(' #!;('.(!( 3, $%#0$ ?'(?'#(** !.6  ! $%( l24!#'19

L;(! ,%(! $%( #'&(' #/ $%( & *'($ *5$ #!  *  !'(5*(& "(2#!& $%( 50'52 #/

$%( M=(&4#'&(' *%(1(*+ $%( #1?0$5$ #!5- ,#'> /#' $%( ::J4FG *%(1(  * !#$

* .! M5!$-2 % .%(' $%5! $%5$ #/ $%( M=(&4#'&(' #!(*9 @% * /5;#0'5"-( ?'#?('$2 5!

"( (=?-5 !(& "2 $%( 10% -##*(' $ 1(4*$(? '(*$' $ #!9 N$ *%#0-& "( !#$(&+ %#,(;('+

$%5$ /#' -5'.( *2*$(1*+ $%( ::J4FG *%(1(* #0-& %5;( 5 15O#' & *5&;5!$5.( #;('

-#,4*$#'5.( FG *%(1(* &0( $# *$#'5.( '(E0 '(1(!$*9 @% *  * "(50*( 5! m4*$5.(

::J4FG *%(1( '(E0 '(* m *$#'5.( 0! $* ?(' $ 1( *$(?+ ,%('(5* 5 -#, *$#'5.(

*%(1( '(E0 '(* #!-2 $,# *$#'5.( 0! $* ?(' $ 1( *$(?9

@%'#0.% !01(' 5- A#0' (' 5!5-2* *+  $ %5* "((! &(1#!*$'5$(& $%5$ $%( & *4

?('* #! (''#' #/ $%( .-#"5- *%(1(  * .(!('5--2 5$ -(5*$ #!( #'&(' % .%(' $%5! $%(

& ** ?5$ #! (''#'+  ''(*?($ ;( #/ $%( 5$05- #'&(' #/ $%( & *'($ *5$ #!9 N$ %5* 5-*#

$0'!(& #0$ $%5$ , $% ! $%( *$0& (& '5!.( #/ 1(*% * P(* h 5!& $ 1( *$(?* ∆t ,(

5!!#$ .5 ! 5!2$% !. #! $%( & *?('* #! (''#' "2 &('(5* !. $%( $ 1( *$(?+  9(9  $  *

,#'$% 0* !. $%( -5'.(*$ #!( ?('1 $$(& "2 $%( QAR #!& $ #!9 @% * *((1 !.-2 0!4

0*05- ?'#?('$2 5! "( (=?-5 !(& "2 $%( /5$ $%5$ $%( 15= 101 $ 1( *$(? 5--#,(&

"2 $%( QAR #!& $ #! 5-'(5&2  !S $* 5 /5' *15--(' & *?('* #! (''#' $%5! $%5$ #/

$%( *?5( & *'($ *5$ #!9 T* !. $% * #!& $ #!  $ %5* 5-*# "((! *%#,! $%5$ $%( #!4
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$%5! $%5$ #/ $%( (''#' 1(5*0'(&  ! $%( l24!#'19 U!#$%('  1?#'$5!$ /(5$0'( #/ $%(

.-#"5- *%(1(  * $%5$ $%( !01"(' #/ &(.'((* #/ /'((&#1 $# #"$5 ! 5 . ;(! 50'52
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Eκ =
[
−Aκeinκωx + Bκe−inκωx

]
eiωt,

Hκ =
[

Aκeinκωx + Bκe−inκωx
]
eiωt,

()$*$

A1 =
n2 cos(n2ω)

n1 cos(n1ω)
, A2 = e−iω(n1+n2),

+%,

B1 = A1e
−i2n1ω, B2 = A2e

i2n2ω.
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 !"#$% &'()  !""!#$%!&' ())&) $" $ *+'%!&' &* -$.( /('0%1 #() 2("1 "!3( 4λ/h56 7(0)((" &*
*)((7&2 #() -$.(/('0%1 4DoF/λ5 $'7 )(/$%!.( %!2( "%(# 4∆t/∆tmax5 *&) #&/8'&2!$/ &)7()"
p = 2, 3, 4, 5 &' $ '&'9+'!*&)2 )$'7&2 2("1

 !"! nκ =
√

εκ "!#"!$!%&$ &'! ()+( ,%-!. )/ "!/"+&,)%0 +%- &'! /"!12!%3 &+4!$

&'! 5+(2! ω = 2π/n ,/ n1 = n2 = n )" ,$ /)2%- +$ &'! $)(2&,)% &) &'! !12+&,)%

−n2 tan(n1ω) = n1 tan(n2ω).



 ! "#$%&'( )* +,-%'(-,./ $/0 0,--,%$&,./ ,/ &#' /.0$1 $%%(.$#
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 !"#$% &'()  !"#!!$ %& &#!!'%( )$ ) &*+-.%+ %& /%01+%(.)0 %#'!# &%# ".2!+ '.$/!#$.%+
!##%# 10−3 )+' 10−4 %+ *+.&%#( (!$3!$



 !"#$%&  
 ! "#$ %!& !'%'"$!&( %! "#$

%)*+$)$!","% !  - H(CURL).& !- /)%!0
1,'%' -2!&"% !'  ! "$"/,#$3/,+ )$'#$'

 !" #$%&'()%+'$

 !"#$#&! '(!)" "*"+"() ,$-"- $#" "-."!$**/ 0-"10* !( )&" 2(-)#0)!2( 21 p3 $(4
hp3$4$.)!5" '(!)" "*"+"() +")&24- 678℄ )&$(:- )2 )&" .2--!,!*!)/ )2 !(#"$-" )&"
.2*/(2+!$* 2#4"# ,/ 2(*/ $44!(; "<)#$ ,$-!- 10()!2(- $(4 *"$5" )&" "<!-)!(; 2("-

0(&$(;"4= >( $#,!)#$#/ &!;&32#4"# 2(-)#0)!2( 21 -0& ,$-"- 12# -.$"- H1?

H(curl)? H(div) $(4 L2 @$- ;!5"( !( 67? AB℄? @&"#" )&" $0)&2#- $*-2 $44#"--"4 )&"

C0"-)!2( 21 ;*2,$* 2(12#+!)/= D&" !+.2#)$(" 21 H(curl)3 $(4 H(div)32(12#+!(;
'(!)" "*"+"() +")&24- EFGHI *!"- !( )&" 1$) )&$) )&"/ &$5" ,"))"# $..#2<!+$)!(;

.#2."#)!"- )&$( H132(12#+!(; "*"+"()- @&"( )&" .&/-!$* -.$"- )&"/ 4!-#")!-"

$*-2 ,"*2(; )2 )&"-" -.$"-= D&"#"12#"? H(curl)3 $(4 H(div)32(12#+!(; FGH- $#"
"-."!$**/ -0!)$,*" 12# )&" (0+"#!$* -2*0)!2( 21 )&" H$<@"** "C0$)!2(-? @&"#" )&"

0(:(2@( '"*4- ;"("#$**/ ,"*2(; )2 "!)&"# 21 )&"-" -.$"- 6BJ? JK℄=

D&" 4!-0--!2( 2( )&" 1$+!*!"- 21 &!"#$#&! ,$-!- 10()!2(- 21 $#,!)#$#/ 2#4"# !-

1$!#*/ 2+.*")" !( 67? AB℄ $(4 @" #"1"# )2 )&2-" @2#:- $(4 )&" #"1"#"("- )&"#"!( 12#

$ 10** 4"-#!.)!2(= L( )&!- &$.)"#? @" 2(*/ 120- 2( )&" H(curl)32(12#+!(; 5"#-!2(
21 )&"-" ,$-"- !( 2#4"# )2 &!;&*!;&) $ .#$)!$* 4!M0*)/ )&$) !- (2) 10**/ $44#"--"4

!( )&" "<!-)!(; *!)"#$)0#"=

> :"/ !--0" 12# &!"#$#&! ,$-"- !( )&" H(curl)32(12#+!(; 4!-#")!-$)!2( !- &2@
)2 $52!4 $ +!-+$)& ,")@""( ("!;&,20#!(; "*"+"()-= N(" "*";$() @$/ 21 42!(;

)&!-? .#2.2-"4 !( 67℄? !- )&#20;& #"(0+,"#!(; )&" +"-& 5"#)!"- !( )&" .#".#2"--3

!(; -)$;" -2 )&$) "$& "*"+"() $( ," *$--!'"4 $- "!)&"# 21 )@2 .2--!,*" )/."-

,$-"4 2( )&"!# "(0+"#$)!2(= D&"( !) !- .2--!,*" )2 0-" )@2 #"1"#"(" )")#$&"4#$?

2(" 12# "$& )/."? $(4 (2 10#)&"# 2(-!4"#$)!2( !- (""4"4 $,20) 2#!"()$)!2(=  2@3



 ! "#$%&'( )* +,.,/0/&',1 0, &#' H(curl)2.,3.(40,5 6$/0/ 37,&0.,/

 ! "# $%&' ())"*(% &' ,*$ (-.(/' 0 ('&1- 1 (2' '*3 '*0$.(" )(4(5 ' 6* ,*$

'2))*"$ $% " ,231 "&,5 *0 ! "$& ' (0$ " 3 '% 5 , "($&*,7 8, (-$ ",($&! '*-2$&*,

&' $% , $* '$*" $% *"& ,$($&*, 6($( 0*"  (%  - 3 ,$ (,6 3*6&0/ $% 6 9,&$&*,'

*0 $% " 0 " , : - 3 ,$ 1('&' 02,$&*,' &, '2% ( .(/ $%($ &$ *"" ')*,6' $* $% 

*"& ,$($&*, *0 $% 5&! , )%/'&(-  - 3 ,$7

; 0*--*. $% ' *,6 ())"*(% % " '&, $%&' $% '&' 0*"3' )("$ *0 $% 6 ! -:

*)3 ,$ *0 hp<=> ?@A℄# ( 9,&$  - 3 ,$ )(4(5 $%($ &' 6 '&5, 6 $* 6 (- .&$% $% 

*"& ,$($&*, &, $%&' .(/7 C,0*"$2,($ -/# $%&' ())"*(% *3 ' .&$% (, (66&$&*,(-

6&D2-$/ *, ",&,5 $% 0( :1211- 02,$&*,'7 8' . .&-- &--2'$"($ $%"*25% (

'&3)-  E(3)- # $% '$(,6("6 )"* 62" $* 6 9, $% 1('&' 02,$&*, *, $% " 0:

 " ,  - 3 ,$ (,6 3() &$ $* $% 3 '%  - 3 ,$ 3(/ 0(&-7 F&E&,5 $%&' )"*1- 3 &'

G2&$ '$"(&5%$0*".("6 12$ &$ &' &3)*"$(,$ $%($ . %&5%-&5%$ $%&' )% ,*3 ,*, '&, 

" *5,&'&,5 &$ (, 1 32% 3*" *0 ( '$"255- 7

H, &$ &'  ,'2" 6 $%($ (-- 1('&' 02,$&*,' (" 6 9, 6 *"" $-/ $%"*25%*2$ $% 

.%*- 6*3(&,# $% 9,&$  - 3 ,$ 6&'" $&'($&*, *0 ( $/)&(- I'/'$ 3 *0J -&, (" )("$&(-

6&K " ,$&(-  G2($&*,I'J (, 1 1"*(6-/ 6 '"&1 6 &, $.* '$ )'7 F&"'$# . *3)2$ 

$% -*(- 3($"& '7 L%&' &,-26 ' $% *3)2$($&*, *0 $%  - 3 ,$ 3($"& ' 0*" $% 

H(curl):*,0*"3&,5 F=> (,6 $%  - 3 ,$ )-2' 0( 3($"& ' 0*" $% 6&'*,$&,2*2'

<(- "4&, F=> IM<:F=>J7 N *,6# 2'&,5 $% *,, $&!&$/ &,0*"3($&*, *0 $% 5 ,:

 "($ 6 3 '%# . ('' 31- $% -*(- 3($"& ' &,$* 5-*1(- *, ' $%($ 0*"3 $% 9,(-

-&, (" '/'$ 3 I*" '/'$ 3 *0 HM='J $* 1 '*-! 6 $* *1$(&, $% 6&'" $ '*-2$&*,7

L% %()$ " &' *"5(,&' 6 (' 0*--*.'7 ; " (-- $% *,'$"2$&*, *0 $% H(curl):
*,0*"3&,5 1('&' 0"*3 ?A℄ &, N $&*, O7A7 ; 6 '"&1 (,  E(3)- *0 0( :1211- 

02,$&*,' &, N $&*, O7O# '%*. %*. $% $"(,'0*"3($&*, 0(&-' &, N $&*, O7P# (,6 *K "

( G2&4 9E (,6 ( 1"& 0 6&'2''&*, &, N $&*, O7Q7 N $&*, O7@ &' 6 !*$ 6 $* $% 

&3)- 3 ,$($&*, 6 $(&-'# (0$ " .%&% . *,-26 &, N $&*, O7R7

 !" H(curl)#%&'%()*&+ ,*-(.(,* /.0*0

; 1 5&, 1/ &,$"*62&,5 $% $ '' --($&*, Th $%($ )("$&$&*,' $% )*-/% 6"(- 6*3(&,

Ω ⊂ R3 &,$* ( ' $ *0 $ $"(% 6"( {t}7 N2))*' . %(! ( 2,&G2  ,23 "($&*, *0 $% 

! "$& ' *0 $% 3 '%7 L% , (, ("1&$"("/ $ $"(% 6"*, t = [o i j k] ∈ Th &' 6 9, 6

1/ $% ! "$& ' vo# vi# vj # vk# (,6 $% 0( f = [o i j] &' -&4 .&' 0*"3 6 0"*3 $% 

5-*1(- ,231 "&,5 *0 $% ! "$& '7 L% 2,&G2 6&" $ 6 $(,5 ,$ *, (,  65 [o i] &'

6 9, 6 1/

τ [o i] = vi − vo,

.%&- ( 2,&G2 )(&" *0 $(,5 ,$ ! $*"' $* 0( f = [o i j] &' 5&! , 1/ τ [o i] (,6 τ [o j]7

8 2,&G2 )("(3 $ "&'($&*, *0 $%  65 (, 1 6 9, 6 ('

ξoi = λi − λo

.&$% λo (,6 λi 1 &,5 $% 1("/ ,$"& 02,$&*, *0 ! "$& ' vo (,6 vi# " ') $&! -/7

; (, ,*. 1"& S/ " (-- $% 6 9,&$&*, *0 $% H(curl):*,0*"3&,5 )*-/,*3&(-

1('&'# .% " Ln 6 ,*$ ' $% n$%:*"6 " T 5 ,6" )*-/,*3&(- (,6 . (-'* (''23 

$%($ o < i < j < k7
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  !" #$%# e = [o i] &'$ (!)*'!+,&) !"$#" p- ./#  !" #$%'()%* "#&$

ψe

0 = λi∇λo − λo∇λi,

ψe

1 = λi∇λo + λo∇λi, 01234

ψe

l+1 =
2l + 1

l + 1
Ll(ξoi)ψ

e

1 −
l

l + 1
Ll−1(ξoi)ψ

e

0, 1 ≤ l ≤ p − 1.

  !" 5&# f = [o i j] &'$ #$%# e ⊂ ∂f - ./#  !" +,-* ! #- #$%'()%* "#&$

ψ
f ,e
l = λoλiLl(ξoi)∇λf/e, 0 ≤ l ≤ p − 2, 01274

8/#"# f/e $#'!.#9 ./# :#".#; !((!9,.# #$%# e ,' 5&# f 2

  !" 5&# f = [o i j]- ./# #- +,$,,. #$%'()%* "#&$

ψ
f ,1
l,m = λoλiλjLl(ξoi)Lm(ξoj)τ

[o i]

ψ
f ,2
l,m = λoλiλjLl(ξoi)Lm(ξoj)τ

[o j]

}
0 ≤ l,m, l + m ≤ p − 3. 01214

  !" #)#+#'. t = [o i j k] &'$ 5&# f ⊂ t- ./# 5&#<=&9#$ ,'.#",!" 5>'.,!'9

"#&$

ψ
t,f
l,m = λoλiλjLl(ξoi)Lm(ξoj)∇λt/f , 0 ≤ l,m, l + m ≤ p − 3, 012?4

8/#"# t/f $#'!.#9 ./# :#".#; !((!9,.# 5&# f 2

  !" #)#+#'. t = [o i j k]- ./# ,'.#",!" =>==)# 5>'.,!'9 "#&$

ψ
t,d
l,m,n = λoλiλjλkLl(ξoi)Lm(ξoj)Ln(ξok)τ d, 012@4

8,./ 0 ≤ l,m, n, l+m+n ≤ p−4 &'$ 8,./ τ d- d = 1, 2, 3 $#'!.,'% ./# $,"#.#$
.&'%#'. :#.!"9 τ 1 = τ [o i]- τ 2 = τ [o j] &'$ τ 3 = τ [o k]- "#9(#.,:#)*2

A' ./# &=!:# !'9.">.,!'- ./# $#B',.,!'9 &"# ".),-. ,' ./# 9#'9# ./&. ./#*

&(()* .! #:#"* t ∈ Th2 A. ,9 C'!8' ./&. ,' ./,9 &9# #:#"* =&9,9 5>'.,!' ,9 H(curl)<
!'5!"+,'% 0./&'C9 .! ./# !'$,.,!' o < i < j < k4- ,2#2 ./#," .&'%#'.,&) !+(!<
'#'.9 &"# !'.,'>!>9 =>. ./#"# ,9 '! "#9.",.,!' !' ./# '!"+&) !+(!'#'.92 0D##

E7℄ 5!" $#.&,)#$ ("!!5924

G!8#:#"- ./# 9.&'$&"$ &(("!&/ ,9 .! $#B'# &)) =&9,9 5>'.,!'9 01234H012@4 !' ./#

"#5#"#'# .#."&/#$"!' t̂ =
[
0̂ 1̂ 2̂ 3̂

]
- %,:#' =* ,.9 :#".,#9 ,' I&".#9,&' !!"$,'&.#9

(ξ, η, ζ) ∈ R3 &9

v̂0̂ = (0, 0, 0) , v̂1̂ = (1, 0, 0) , v̂2̂ = (0, 1, 0) , v̂3̂ = (0, 0, 1) , 012J4

&'$ ./#' .! ."&'95!"+ ./#+ .! & %,:#' +#9/ .#."&/#$"!' t ∈ Th >9,'% ./# ."&'9<

5!"+&.,!' ">)#

ψt = J
−T
t

ψ̂. 012K4
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 !"! ψ̂ #$ %&! '($#$ )*+%#-+ -+ %&! "!)!"!+! !.!/!+% t̂0 ψt #$ %&! '($#$ )*+%#-+ -+

%&! 1&2$#(. !.!/!+% t0 (+3 J #$ %&! 4(-'#(+ -) %&! /(11#+5 '!%6!!+ %&! "!)!"!+!

!.!/!+% (+3 %&! 1&2$#(. !.!/!+%7 8&! 3!"#9(%#-+ -) %&#$ %"(+$)-"/(%#-+ "*.! #$

$%(+3("3 (+3 (+ '! )-*+3 #+ /(+2 %!:%'--;$ <=>0 ?=0 =@℄7

B) CD7EF #$ %- "!$*.% #+ ( 5.-'(..2 -+)-"/#+5 (11"-:#/(%#-+0 -+! &($ %- /(;!

$*"! %&(% %&! #+%"#+$# -"#!+%(%#-+ -) %&! "!)!"!+! !.!/!+% /(%&!$ %&(% -) %&!

1&2$#(. !.!/!+% )-" !(& t ∈ Th7 8&#$ #$ +!!$$("2 #+ -"3!" %- (9-#3 ( /#$/(%&

-) ( 5#9!+ '($#$ )*+%#-+ '!%6!!+ +!#5&'-*"#+5 !.!/!+%$0 (+3 #%$ #/1.!/!+%(%#-+ #$

+-% $%"(#5&%)-"6("3 )-" &#!"("&# '($!$7 G+! !.!5(+% 6(2 %- 3- %&#$ #$ %&"-*5& %&!

"!+*/'!"#+5 -) %&! /!$& 9!"%#!$ #+ %&! 1"!1"-!$$#+5 $%(5! $- %&(% !(& !.!/!+%

(+ '! .($$#H!3 ($ !#%&!" -) %6- 1-$$#'.! %21!$ '($!3 -+ %&!#" !+*/!"(%#-+7 8&!+

#% #$ 1-$$#'.! %- *$! %6- "!)!"!+! %!%"(&!3"(0 -+! )-" !(& %21!0 (+3 +- )*"%&!"

-+$#3!"(%#-+ #$ +!!3!3 ('-*% -"#!+%(%#-+7 I!! <J℄ (5(#+ )-" /-"! 3!%(#.$7

B) %&#$ (11"-(& #$ +-% )!($#'.! C!757 $-/! KLM $-)%6("! 1(;(5!$ 3- +-% $*11-"%

%&! "!+*/'!"#+5 -) 9!"%#!$ ()%!" /!$& 5!+!"(%#-+F0 (+ (.%!"+(%#9! $-.*%#-+ #$ %-

$%-"! %&! -"#!+%(%#-+ 3(%( C#7!7 %&! !+*/!"(%#-+F )-" !(& !.!/!+%7 8&!+ -+! (+

/-3#)2 %&! 3!H+#%#-+$ -) %&! "!)!"!+!N!.!/!+% '($#$ )*+%#-+$ #+ $*& ( 6(2 %&(%

%&! -+$%"*%#-+ -) %&! '($#$ CD7@FOCD7=F )-..-6$ %&! +*/'!"#+5 -) %&! 1&2$#(.

!.!/!+% (+3 +-% %&(% -) %&! -"#5#+(. "!)!"!+! !.!/!+% CD7>F7 K-" !:(/1.!0 #) %&!

5.-'(. +*/'!"#+5 -) ( %!%"(&!3"-+ #$ t = [15 96 8 24]0 %&!+ %&! 9!"%!: +*/'!"#+5
#+ CD7>F &(+5!$ %-

v̂1̂ = (0, 0, 0) , v̂3̂ = (1, 0, 0) , v̂0̂ = (0, 1, 0) , v̂2̂ = (0, 0, 1) .

B+ %&! )-..-6#+50 6! 6#.. ('*$! %&! +-%(%#-+ $.#5&%.2 (+3 "!)!" %- %&#$ $#%*(%#-+ ($

t̂ =
[
1̂ 3̂ 0̂ 2̂

]
7

P&#&!9!" (11"-(& #$ *$!3 %&! "*: -) %&! 1"-'.!/ #$ %- &(9! %&! $(/! #+%"#+$#

-"#!+%(%#-+ )-" %&! "!)!"!+! %!%"(&!3"-+ ($ )-" %&! 1&2$#(. %!%"(&!3"-+7 G+! %&(%

#$ 3-+!0 (.. '($#$ )*+%#-+$ ("! !:1!%!3 %- '! 5.-'(..2 H(curl)N-+)-"/#+5 ()%!"
%&! %"(+$)-"/(%#-+ CD7EF #$ (11.#!37 B+ %&! "!/(#+#+5 1("% -) %&! &(1%!"0 6! $&-60

%&"-*5& ( $#/1.! !:(/1.!0 %&(% 6&!+ %&! $!-+3 (11"-(& #$ *$!30 %&! )(! '*''.!N

)*+%#-+$ )(#. %- $(%#$)2 %&#$ "#%!"#-+7

 ! "# $%&'()$ *+ ,)*-&) +&$/-0--)$ +0#12*#3

Q!% *$ -+$#3!" ( /!$& %&(% 3#9#3!$ %&! *+#% *'! Ω = (0, 1)
3
#+%- H9! %!%"(&!3"(7

P! !+*/!"(%! %&! 9!"%#!$ -) %&! /!$& ($

v0 = (0, 0, 0) , v1 = (1, 0, 0) , v2 = (0, 1, 0) , v3 = (1, 1, 0) ,

v4 = (0, 0, 1) , v5 = (1, 0, 1) , v6 = (0, 1, 1) , v7 = (1, 1, 1) ,

6&!"! %&! 9!"%#!$ ("! 3!%!"/#+!3 '2 %&!#" R("%!$#(+ --"3#+(%!$ (x, y, z) ∈ R37

P! 3!H+! !(& %!%"(&!3"-+ '2 %&! 5.-'(. +*/'!"$ -) #%$ 9!"%#!$

t0 = [0 1 2 4] , t1 = [3 2 1 7] , t2 = [5 4 7 1] ,

t3 = [6 7 4 2] , t4 = [4 1 2 7] .
CD7SF
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 ! "#$! "&'!( )"! (*+,!-.(/ .( 01234 .( '*" # 5#6 )"#) )"! 7&'.).&(' &8 )"!

$!-).!' .( )"! 7"6'.#9 !9!+!() &--!'7&(: )& )"! 7&'.).&(' &8 )"! $!-).!' .( )"!

-!8!-!(! !9!+!(); &(! )"! +#77.(/ .' 7!-8&-+!:2 <& 8&- !=#+79!; 8&- t2; $!-)!=

v5 5.99 ,! +#77!: )& v̂0̂; $!-)!= v4 5.99 ,! +#77!: )& v1̂; #(: '& &(2  ! !+7"#'.'!

#/#.( )"#) )"! (*+,!-.(/ .( 01234 .' &--!) .( # '!('! )"#) .) 7-!'!-$!' &-.!()#).&(2

>"-&*/"&*) )".' !=#+79!; )"! '*,?!) &8 &*- .($!')./#).&( .' )"! 8#! f = [2 4 7]
5.)" 9!8) !9!+!() t3 #(: -./") !9!+!() t42 0@8 &*-'!; :!A(.).&(' B9!8)C #(: B-./")C

#-! #-,.)-#-6 .( )"-!! :.+!('.&('24 D&- &*- 7*-7&'!; .) '*E!' )& &('.:!- )"!

9&5!') &-:!- 8#!F,*,,9! 8*().&('; .2!2 )"&'! 5.)" l = m = 1 .( 012142 >"!'! A-')
#77!#- .( )"! &(')-*).&( &8 )"! )".-:F&-:!- 7&96(&+.#9 '7#!; 5"!( )"!-! #-! )5&

8#!F,*,,9! 8*().&(' #''&.#)!: 5.)" 8#! f = [2 4 7]2 >"!6 #-! :!A(!: #'

ψf

0 = λ2λ7λ4τ
[2 4] #(: ψf

1 = λ2λ7λ4τ
[2 7], 012G4

5"!-! λi .' )"! ,#-6!()-. 8*().&( &8 0/9&,#94 $!-)!= vi2 D*-)"!-+&-!; τ [2 4] =
v4 − v2 #(: τ [2 7] = v7 − v22

H) .' !#'6 )& '!! )"#) 012G4 .' H(curl)F&(8&-+.(/2 H( 7-#).!; "&5!$!-; &(! #.+'
)& :!A(! #99 ,#'.' 8*().&(' 9&#996 &( # '.(/9! !9!+!() 0)"! -!8!-!(! !9!+!()4 #(:

*'! )"! )-#('8&-+#).&( 012I4 ,!)5!!( )"! -!8!-!(!F!9!+!() ,#'.' 8*().&(' #(: )"!

7"6'.#9F!9!+!() ,#'.' 8*().&('2

 !" #$%&'()$*%+,)& )( +-. (%.012113. (2&+,)&'

 ! (&5 9&&J #) "&5 )"! 8#!F,*,,9! 8*().&(' .( 012G4 )-#('8&-+ 8-&+ )"! -!8!-!(!

!9!+!() )& )"! 7"6'.#9 !9!+!()'2 <.(! )"!-! #-! )5& !9!+!()' )"#) &()#.( )"! 8#!

f = [2 4 7]; 5! (!!: )& 9&&J #) 8&*- '!7#-#)! )-#('8&-+#).&(' 0)5& ,#'.' 8*().&( .(
,&)" !9!+!()'42 K!'.-#,96; )"! -!'*9) 5&*9: ,! )#(/!().#9 &().(*.)6 8&- ,&)" ,#'.'

8*().&(' )"-&*/" )"! 8#!2

 !"!# $%&' %(%)%*'

L!) *' A-') &('.:!- t3 = [6 7 4 2]2 >"! 9&#9 (*+,!-' &--!'7&(:.(/ )& 8#!
f = [2 7 4] #-!

[
3̂ 1̂ 2̂

]
2 <& 5! :!A(! &( )"! -!8!-!(! !9!+!() )"! )#(/!().#9 $!)&-'

τ̂ [3̂ 2̂] = v̂2̂ − v̂3̂ = (0, 1,−1) #(: τ̂ [3̂ 1̂] = v̂1̂ − v̂3̂ = (1, 0,−1)2 <.(! 5! "#$!

λ̂0̂ = 1 − ξ − η − ζ, λ̂1̂ = ξ, λ̂2̂ = η, λ̂3̂ = ζ,

5"!-! ξ; η #(: ζ #-! )"! M#-)!'.#( &&-:.(#)!' &( )"! -!8!-!(! !9!+!(); )"! )5&
,#'.' 8*().&(' #-! :!A(!: #'

ψ̂
f

0 = ξηζτ̂ [3̂ 2̂] =




0

ξηζ
−ξηζ



 #(: ψ̂
f

1 = ξηζτ̂ [3̂ 1̂] =




ξηζ
0

−ξηζ



 .

N/#.(; H(curl)F&(8&-+.(/ A!9:' )-#('8&-+ #'

ψti = J
−T
ti

ψ̂,



 ! "#$%&'( )* +,.,/0/&',1 0, &#' H(curl)2.,3.(40,5 6$/0/ 37,&0.,/

 !"#" J $% &!" '(*+$(, *- &!" -.,&$*, &!(& /(0% #"-"#"," "1"/",& **#2$,(&"%

(ξ, η, ζ) &* &!" **#2$,(&"% (x, y, z) *- 0!3%$(1 "1"/",& ti4 5*# t3 &!$% /(00$,6 $%

F 3 : (ξ, η, ζ) → v6 + ξ (v7 − v6) + η (v4 − v6) + ζ (v2 − v6)7 (,2 &!"#"-*#"  " !(8"

J
−T
t3

=




1 0 0
0 −1 0
0 0 −1



 .

9, &!" 0!3%$(1 "1"/",& t37 &!$% $, &.#, #"%.1&% $,

ψL
0 =




0

−x (1 − y) (1 − z)
x (1 − y) (1 − z)



 (,2 ψL
1 =




x (1 − y) (1 − z)

0
x (1 − y) (1 − z)



 ,

 !"#"  " !(8" .%"2 &!" %.0"#%#$0& L &* #"0#"%",& &!" :1"-&; "1"/",&7 $, &!$% (%"

t34

 !"!# $%&'( )*)+),(

<% ( %"*,2 %&"07 1"& .% &.#, *.# (&&",&$*, &* "1"/",& t4 = [4 1 2 7]4 =!" 1*(1

,./+"#% *##"%0*,2$,6 &* -(" f = [2 4 7] (#"
[
2̂ 0̂ 3̂

]
4 >$," τ̂ [2̂ 3̂] = v̂3̂ − v̂2̂ =

(0,−1, 1) (,2 τ̂ [2̂ 0̂] = v̂0̂ − v̂2̂ = (0,−1, 0)7 *, &!" #"-"#"," "1"/",&  " ,* !(8"

ψ̂
f

0 = (1 − ξ − η − ζ) ηζτ̂ [2̂ 0̂] =




0

− (1 − ξ − η − ζ) ηζ
0



 ,

ψ̂
f

1 = (1 − ξ − η − ζ) ηζτ̂ [2̂ 3̂] =




0

− (1 − ξ − η − ζ) ηζ
(1 − ξ − η − ζ) ηζ



 .

5*# &!" .##",& "1"/",&7 t47  " !(8" &!" /(00$,6 F 4 : (ξ, η, ζ) → v4+ξ (v1 − v4)+
η (v2 − v4) + ζ (v7 − v4)7 (,2 &!.% &!" &#(,%-*#/(&$*, /(&#$?

J
−T
t4

=
1

2




1 −1 1
−1 1 1
−1 −1 1



 .

<% ( #"%.1&7 &!" 0!3%$(1 +(%$% -.,&$*,% #"(2

ψR
0 =

1

16




(z − x − y + 1) (y − x − z + 1) (x + y + z − 1)
− (z − x − y + 1) (y − x − z + 1) (x + y + z − 1)
(z − x − y + 1) (y − x − z + 1) (x + y + z − 1)



 ,

ψR
1 =

1

8




(z − x − y + 1) (y − x − z + 1) (x + y + z − 1)

0
(z − x − y + 1) (y − x − z + 1) (x + y + z − 1)



 .



 !" #$%&' (%)+))%,- ,' ./& &01234& ""

 !"#$$%& "'() (*#( +#) f = [2 4 7] $!)- '" (*) .$#") z = x − y + 1 #"/ (*#(

x (1 − y) (1 − z)
∣∣
z=x−y+1

=
1

8
(z − x − y + 1) (y − x − z + 1) (x + y + z − 1)

∣∣
z=x−y+1

.

0-!"1 (*!- $#(()2 2)$#(!'" !( 3)'4)- $)#2 (*#( 5*!$) ψL
1 = ψR

1 '" (*) +#) f #-

)6.)()/& (*) !/)"(!(% -!4.$% /')- "'( *'$/ +'2 (*) '(*)2 3#-!- +7"(!'"8 ψL
0 6= ψR

0 9

:*!- !"'"-!-()"% #7-)- (*) 4)(*'/ (' +#!$ +'2 .'$%"'4!#$ '2/)2- p ≥ 0& #-
!( /#-*)- (*) .'--!3!$!(% (' /);") #$$ 3#-!- +7"(!'"- '" (*) 2)+)2)") )$)4)"( #"/

(2#"-+'24 (*)4 (' #"% 1!<)" .*%-!#$ )$)4)"(9

 !" #$%&' (%)+))%,- ,' ./& &01234&

:*) -!4.$)-( 5#% (' !274<)"( (*) .2'3$)4 *!1*$!1*()/ !" (*) .2)<!'7- )6#4.$)

!- (' ;2-( (2#"-+'24 (*) -#$#2 +#)=3733$) +7"(!'"-&

ψf = λoλiλjLl(ξoi)Ll(ξoj), >?9@AB

#"/ 47$(!.$% (*)4 5!(* (*) (#"1)"(!#$ <)('2- #+()25#2/-9 :*!- -'$7(!'" #$-' !/)"=

(!;)- (*) #7-) '+ (*) .2'3$)48 (*#( (*) (#"1)"( <)('2- (*#( )6.$!!($% #..)#2 !"

(*) /);"!(!'" '+ (*) +#)=3733$) +7"(!'"- /' "'( (2#"-+'24 !" # '"+'24!"1 5#%9

:*!- #$-' )6.$#!"- 5*% 5) /' "'( )6.)2!)") -!4!$#2 .2'3$)4- !" (*) (2#"-+'24#(!'"

'+ (*) )/1) +7"(!'"- #"/ )/1)=3#-)/ +#) +7"(!'"-9 :*)% '"$% 7-) (*) 3#2%)"=

(2! +7"(!'"- !" (*)!2 /);"!(!'"- #"/ "'( (*) (#"1)"(!#$ <)('2 )6.$!!($%9 > '2 (*)

!"()2!'2 +7"(!'"- '"+'24!(% !- (2!<!#$ -!") (*)!2 (#"1)"(!#$ '4.'")"(- #2) C)2'9B

D- # 2)4#2E& 5) 4)"(!'" (*#( (*) -!(7#(!'" !- <)2% -!4!$#2 !+ (*) 72$ '+ (*)

3#-!- +7"(!'"- !- #$-' "))/)/& #- !( !- '+()" (*) #-)9 :*) 72$ '+ (*) +#)=3733$)

+7"(!'"- #" 3) 52!(()" #-

∇× ψf

0 = ∇ψf × τ [o i] #"/ ∇× ψf

1 = ∇ψf × τ [o j], >?9@@B

5*)2)∇ψf !- (*) 12#/!)"( '+ (*) -#$#2 +#)=3733$) +7"(!'" >?9@AB9 F'() (*#( -#$#2

+7"(!'" >?9@AB (2#"-+'24 !" # H1='"+'24!"1 5#% 5*!$) !(- 12#/!)"( (2#"-+'24- !"

H(curl)='"+'24!"1 5#%9

 !5 6234&2&-.1.%,- (&.1%4) ',$ ./& )&,-(7,$(&$

8109&44 &:+1.%,-

:' !$$7-(2#() (*) 4#!" !4.$)4)"(#(!'" -().- '+ # ;"!()=)$)4)"( /!-2)(!-#(!'"

5*)" (*) #3'<)=/)-2!3)/ 3#-!- +7"(!'"- #2) 7-)/& 5) '"-!/)2 (*) (!4)=*#24'"!

G#65)$$ )H7#(!'"

∇× 1

µr
∇× E − k2εrE = J in Ω,

n × E = g on Γ.

>?9@IB



 ! "#$%&'( )* +,.,/0/&',1 0, &#' H(curl)2.,3.(40,5 6$/0/ 37,&0.,/

 !"! Ω #$ %& '(!& )'*&+!+ ,#($.#/0 ('12.!+"'& '& R3 3#/. )'*&+%"2 Γ = ∂Ω %&+
'*/3%"+ &'"4%1 *&#/ 5!/'" n6 7.! "#8./9.%&+ $#+! J #$ /.! !:/!"&%1 $'*"! %&+

k #$ /.! ;"!%195%1*!+< 3%5! &*4)!" 3#/. /.! %$$*4(/#'& /.%/ k2 #$ &'/ % =%:3!11

!#8!&5%1*!6 7.! ;"!1%/#5!< (!"4#//#5#/2 %&+ /.! ;"!1%/#5!< (!"4!%)#1#/2 '""!$('&+

/' 5%**4 ;'" +"2 %#"<> #6!6 3! $!/ εr = 1 %&+ µr = 16
?! 3#11 &'3 +!$"#)! /.! #4(1!4!&/%/#'& '@ /3' +#$'&/#&*'*$ A%1!"B#& ;CA<

+#$"!/#$%/#'&$ %&+ % .#8.9'"+!" H(curl)9'&@'"4#&8 D&#/! !1!4!&/ +#$"!/#$%/#'& '@
;E6FG<> %11 '@ 3.#. "!$*1/ #& % $244!/"# %18!)"%# $2$/!46 H&! '@ /.! CA 4!/.'+$

#$ /.! #&/!"#'"9(!&%1/2 CA ;IJ9CA< K $!! !686 LMN℄ K> /.! '/.!" #$ /.! CA 4!/.'+

'"#8#&%112 #&/"'+*!+ #& LN> FG℄6 P'/. CA 4!/.'+$ %"! +!"#5!+ %&+ %&%12$!+ #&

+!/%#1 #& /.! &!:/ .%(/!" %$ 3!11 %$ #& LNQ℄6  !"! #/ $*R!$ /' ("'5#+! /.! 3!%B

@'"4*1%/#'&$ '&12> @'" 3.#. 3! D"$/ &!!+ /' #&/"'+*! $'4! &'/%/#'&6 ?! 5#!3

/.! H(curl)9'&@'"4#&8 ST= %$ % $(!#%1 %$! '@ /.! CA 4!/.'+$> 3.!"! /.! U*:

/!"4$ %"! %)$!&/ %&+ /.! /%&8!&/#%1 '&/#&*#/2 #$ /%B!& %"! '@ /."'*8. /.! %$$!4)12

("'!+*"!6

V$ )!@'"!> 1!/ Th +!&'/! /.! /!$$!11%/#'& /.%/ (%"/#/#'&$ /.! ('12.!+"%1 +'4%#&

Ω ⊂ R3 #&/' % $!/ '@ /!/"%.!+"% {t}6 7.! &'/%/#'&$ Fh> F i
h %&+ Fb

h $/%&+ "!$(!9

/#5!12 @'" /.! $!/ '@ %11 @%!$ {f}> /.! $!/ '@ %11 #&/!"&%1 @%!$> %&+ /.! $!/ '@ %11
)'*&+%"2 @%!$6 S*"/.!"4'"!> 3! #&/"'+*! (·, ·)D @'" /.! $/%&+%"+ #&&!" ("'+*/

#&
[
L2(D)

]3
>

(u,v)D =

∫

D

u · v dV,

%&+ /.! '(!"%/'" ∇h @'" /.! !1!4!&/3#$! %((1#%/#'& '@ ∇ = (∂/∂x, ∂/∂y, ∂/∂z)
T
6

 !"!# $%&()*%)+(+& ,-./01%) 2/-1 3(04+.-*%()&

?#/. Qp +!&'/#&8 /.! p/.9'"+!" ('12&'4#%1 $(%! /.%/ #$ $(%&&!+ )2 /.! )%$#$
@*&/#'&$ +!$"#)!+ #& W!/#'& E6G> 3! &'3 +!D&! /.! $(%! Σp

h %$

Σp
h :=

{
σ ∈ [L2(Ω)]3

∣∣∣ σ|t ∈ Qp, ∀t ∈ Th

}
. ;E6FE<

X'&$#+!" %& #&/!"@%! f ∈ Fh )!/3!!& !1!4!&/ t
L %&+ !1!4!&/ t

R> %&+ 1!/ nL

%&+ nR "!("!$!&/ /.!#" "!$(!/#5! '*/3%"+ ('#&/#&8 &'"4%1 5!/'"$6 ?! +!D&! /.!

/%&8!&/#%1 Y*4( %&+ /.! %5!"%8! '@ /.! Z*%&/#/2 u %"'$$ #&/!"@%! f %$

[[u]]T = nL × uL + nR × uR %&+ {{u}} =
(
uL + uR

)
/2,

"!$(!/#5!126  !"! uL %&+ uR %"! /.! 5%1*!$ '@ /.! /"%! '@ u %/ ∂t
L %&+ ∂t

R>

"!$(!/#5!126 V/ /.! )'*&+%"2 Γ> 3! $!/ {{u}} = u %&+ [[u]]T = n × u6 S'" % 8#5!&

@%! f ∈ Fh> 3! 3#11 %1$' &!!+ /.! 1'%1 1#@/#&8 '(!"%/'" Rf :
[
L2(f)

]3 → Σp
h> +!D&!+

%$

(Rf (u),v)Ω =

∫

f

u · {{v}}dA, ∀v ∈ Σp
h. ;E6FM<

['/! /.%/ Rf (u) 5%&#$.!$ '*/$#+! /.! !1!4!&/$ '&&!/!+ /' /.! @%! f 6



 !" #$%&'$'()*)+,( -')*+&. /,0 )1' .',(-3,0-'0 4*56'&& '78*)+,( 9:

 !" #"$% &'()*+$,-'. '& ,!" /0123 )",!'4 &'( ,!" ,-)"1!$()'.- 6$7#"++

"8*$,-'. ("$49

Bip
h (Eh,φ) :=

(∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω −
∫

Fh

[[Eh]]T · {{∇h × φ}}dA

−
∫

Fh

{{∇h × Eh}} · [[φ]]T dA +

∫

Fh

ah [[E]]T · [[φ]]T dA

= (J ,φ)Ω −
∫

Fb
h

g · (∇h × φ) dA +

∫

Fb
h

ahg · (n × φ) dA, :;<=>?

#!"(" ,!" @".$+,A @$($)","( aF 4"@".49 '. B',! ,!" )"9! 9-C" $.4 ,!" @'+A.')-$+

'(4"(< D'," ,!$, -. ,!" +"&,1!$.4 9-4" #" .' +'.E"( 4-9,-.E*-9! "7@+--,+A B",#"".

-.,"(.$+ $.4 B'*.4$(A &$"9<  !-9 -9 @"()-99-B+" ,!$.%9 ,' ,!" 4"F.-,-'.9 '& ,!"

$G"($E" $.4 ,!" ,$.E".,-$+ H*)@ $, ,!" B'*.4$(A<

 !" #"$% &'()*+$,-'. '& ,!" 23 )",!'4 #-,! #!$, #" $++ !"(" ,!" I("CC-

&'()*+$,-'.J '(-E-.$++A -.,('4*"4 -. KLJ =M℄J -9 &'()*+$,"4 -. ,!" &'++'#-.E #$A<

O-(9, -.,('4*" ,!" B-+-."$( &'() Bbr
h : Σp

h × Σp
h → R $.4 ,!" +-."$( &'() J br

h :
Σp

h → R $9

Bbr
h (Eh,φ) = (∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω

−
∫

Fh

[[Eh]]T · {{∇h × φ}}dA −
∫

Fh

{{∇h × Eh}} · [[φ]]T dA

+
∑

F∈Fh

(ηF + nf ) (RF ([[E]]T ),RF ([[φ]]T ))
Ω

, :;<=L?

$.4

J br
h (φ) = (J ,φ)Ω −

∫

Fb
h

g · (∇h × φ) dA

+
∑

F∈Fb
h

(ηF + nf ) (RF (g),RF (n × φ))Ω , :;<=P?

("9@",-G"+A< /. '.,($9, ,' /0123J ,!" @".$+,A @$($)","( ηF -9 .'# -.4"@".4".,

'& ,!" B',! ,!" )"9! 9-C" $.4 ,!" @'+A.')-$+ '(4"(J #!-+" nf -9 ,!" .*)B"( '& 9-4"9

'& ,!" "+")"., :nf = 4 &'( $ ,",($!"4('.?<  !". ,!" 4-9("," &'()*+$,-'. &'( ,!"
,-)"1!$()'.- 6$7#"++ "8*$,-'.9 $. B" #(-,,". $9 &'++'#9< O-.4 Eh ∈ Σp

h 9*!

,!$, &'( $++ φ ∈ Σp
h ,!" ("+$,-'.

Bbr
h (Eh,φ) = J br

h (φ) :;<=Q?

-9 9$,-9F"4< R"" S!$@,"( T &'( )'(" ,!" $.$+A9-9 $.4 @$($)","( "9,-)$,"9 '& ,!"9"

,#' )",!'49<



 ! "#$%&'( )* +,.,/0/&',1 0, &#' H(curl)2.,3.(40,5 6$/0/ 37,&0.,/

 !"!# $%&' ()*+,-&./)0 )( .1% H(curl)2)0()*+/04 5/6*%./2

6&./)0

 !"#$%& '( )*+,*-. /$ !'/ &$0!$ #1$ &2"4$#$ "5%$ '( 67'8%779 H(curl):'!('4;2!6

(<!#2'!" %"

Υp
h :=

{
υ ∈ [H0(curl,Ω)]

3
∣∣∣ υ|K ∈ Qp, ∀K ∈ Th

}
, )*+,=-

%!& 7$# #1$ "$# '( 8%"2" (<!#2'!" {ψi} "5%! #1$ "5%$ Υp
h+ >$$ ?@A℄ ('4 % &$#%27$&

&2"<""2'! '! 8'#1 '!#2!<'<" %!& &2"4$#$ H(curl):'!('4;2!6 "5%$"+ C$ %554'D:

2;%#$ #1$ $7$#42 0$7& E %"

E ≈ Eh =
∑

i

ui(t)ψi(x), )*+EF-

(4'; /121 #1$ &2"4$#$ /$%G ('4;<7%#2'! 4$%&" %" ('77'/"+ H2!& Eh ∈ Υp
h "<1

#1%# ∀φ ∈ Υp
h #1$ 4$7%#2'!

(∇× Eh,∇× φ)Ω − k2 (Eh,φ)Ω = (J,φ)Ω )*+E,-

2" "%#2"0$&+ I'#$ #1%# 1$4$ #1$ ∇ '5$4%#'4 2" &$0!$& 67'8%779. %!& !'# 2! %!

$7$;$!#/2"$ (%"12'! %" ('4 #1$ JK ;$#1'&". 8$%<"$ #1$ #%!6$!#2%7 '!#2!<2#9 2"

!'/ $!('4$& "#4'!679+

L1$ &2"'!#2!<'<" !%#<4$ '( #1$ /$%G ('4;<7%#2'!" )*+,@- %!& )*+,M- ;%G$" 2#

$"5$2%779 !%#<4%7 #' 04"# ';5<#$ #1$ $7$;$!# %!& (%$ ;%#42$" %!& #1$! %""$;87$

#1$; 2!#' % 67'8%7 ;%#42D+ C$ /277 ('77'/ #1$ "%;$ %554'%1 %7"' ('4 #1$ H(curl):
'!('4;2!6 ;$#1'&. /1$4$ '!79 $7$;$!# ;%#42$" %4$ !$$&$&+ N'/$O$4. /$ #1$!

1%O$ #' ;%G$ "<4$ #1%# #1$ 8%"2" (<!#2'!" %""'2%#$& /2#1 % 62O$! $&6$ '4 (%$ 2!

#1$ 67'8%7 ;$"1 %4$ %""$;87$& 2!#' #1$ "%;$ $!#49 '( #1$ 67'8%7 ;%#42D+

 !"! 7-%+%0.&- +&.*/%6

P"2!6 #1$ 8%"2" (<!#2'!" &$0!$& 2! >$#2'! *+E. /$ %! !'/ $D54$"" #1$ <!G!'/!

0$7& /2#1 #1$ 5'79!';2%7 $D5%!"2'! 7'%779 2! $%1 $7$;$!# )(+ )*+EF-- %"

Et

h(x) =

Np∑

j=1

Et

jψ
t

j(x), ∀x ∈ t. )*+EE-

 ! '4&$4 #' ';5<#$ #1$ $7$;$!#%7 ;%#42$". 7$# %6%2! t̂ 8$ #1$ 4$($4$!$ #$#4%1$&4'!

%!& 7$# t ∈ Th 8$ %!9 62O$! 519"2%7 #$#4%1$&4'!+ L1$! #1$ $!#42$" '( #1$ $7$;$!#%7

"#2Q!$"" ;%#42D St %!& #1$ $7$;$!#%7 ;%"" ;%#42D Mt %! 8$ $D54$""$& %"

S
t

ij =

∫

t

(∇h × ψi) ·
(
∇h × ψj

)
dV %!& M

t

ij = k2

∫

t

ψi · ψj dV,

4$"5$#2O$79+ N$4$. #1$ 2!&2$" 4<! (4'; i, j = 1, . . . , Nt. /2#1 Nt 8$2!6 #1$ !<;8$4

'( &$64$$" '( (4$$&'; 2! $7$;$!# t+ RD57'2#2!6 #1$ #4%!"('4;%#2'! 4<7$"

ψti = J
−T
ti

ψ̂ %!& ∇× ψti =
1

det(Jti
)
∇× ψ̂,



 !" #$%&'$'()*)+,( -')*+&. /,0 )1' .',(-3,0-'0 4*56'&& '78*)+,( 9:

 !" #$%&" '( ")*#+, #( $" %./0 "1 %(  !" *"2"*"(" "+"."( t̂ 0,'() 30#1*# 0*"

*0+", 4 !" 30", '%( %2 30#1*# 0*" *0+", ', $*'"56 #11*",,"1 '(  !" ("7 /#*#)*#/!89

:, 2%*  !" 2#" %( *'$0 '%(, f ∈ Fh '( 4;9<=8 #(1 4;9<>8? @" (""1  % %(,'1"*

&#+0", '(  !"  @% "+"."( , t
L #(1 t

R @!'! #*" %((" "1  !*%0)! 2#" f 9 A% @"

4#$0,"  !" (% # '%( ,+')! +6 #(18 1"B("  !" .# *'", D
LR? G

LR #(1 H
LR #,

D
LR
ij =

∫

f

ψL
i ·

(
nR × ψR

j

)
dA,

G
LR
ij =

∫

f

(
∇h × ψL

i

)
·
(
n × ψR

j

)
dA,

H
LR
ij = ah

∫

f

(
n × ψL

i

)
·
(
n × ψR

j

)
dA.

C!" '(1'", i #(1 j (%@ *0( $" @""( 1 #(1 NL #(1 $" @""( 1 #(1 NR? *",/" '&"+6?

@' ! NL #(1 NR $"'()  !" (0.$"* %2 1")*"", %2 2*""1%. '( "+"."( tL #(1 tR9

D% "  !#  !" 2#" .# *'", #*" E,/#*,"F #, .#(6 %2  !" $#,', 20( '%(,F  #()"( '#+

%./%("( , &#(',! # # )'&"( '( "*2#"9 C!', ', ",/"'#++6  *0" 2%* !')!"* %*1"*

"+"."( ,9

G" (%@ 2%0, %( %./0 '()  !" +'2 '() %/"*# %*, '(  !" +#,  "*. %2 4;9<>89

H,'()  !" 1"B(' '%( %2  !" +%#+ +'2 '() %/"*# %* 4;9<I8 2%* # )'&"( 2#" f ∈ F ? @"

B*, *"%&"*

(Rf ([[E]]T ),Rf ([[φ]]T ))Ω =

∫

f

[[φ]]T · {{Rf ([[Eh]]T )}}dA =

1

2

∫

f

(
nL × φL + nR × φR

)
·
(
RL

f
([[Eh]]T ) + RR

f
([[Eh]]T )

)
dA. 4;9J;8

A'(" Rf ', %(+6 (%(K"*% '(  !"  @% "+"."( , tL #(1 tR @!'! #*" %((" "1  %  !"

2#" f ? @" !#&"

∫

tL

φL · RL
f
([[Eh]]T ) dV +

∫

tR

φR · RR
f
([[Eh]]T ) dV =

1

2

∫

f

(
φL + φR

)
·
(
nL × EL

h + nR × ER
h

)
dA, ∀φL,φR ∈ Σ

p
h. 4;9JI8

G" #//*%7'.# "  !" +'2 '() %/"*# %* RfL0,'()  !" ,#." $#,', #, 2%*  !" 1',*" ',#M

 '%( %2 EhL#,

Rt

f ([[Eh]]T )(x) =

Np∑

j=1

R
t,f
j ψt

j(x), ∀x ∈ t.

N2 @" ,0$, ' 0 "  !"," '( % 4;9JI8 #(1 0,"  !" 2#  !#  !', "30# '%( .0, $"

,# ',B"1 2%* #*$' *#*6  ", 20( '%(, φL #(1 φR?  !"( @" %$ #'(  !" 2%++%@'()

.# *'7 *"+# '%(,

M
LRL =

1

2
D

LLEL +
1

2
D

LRER,

M
RRR =

1

2
D

RLEL +
1

2
D

RRER.

4;9J=8



 ! "#$%&'( )* +,.,/0/&',1 0, &#' H(curl)2.,3.(40,5 6$/0/ 37,&0.,/

 ! "#$$ %&! '(!&! )!$*'#+,& '+ +./%'! '(! $*&' '!). +0 123456 7%)#,8 '(! *&&!.9$:

/)+!7%)!3 ;%' <)&' "! 9)#!=: )!>#!" '(! ?*%&& @%*7)*'%)! )%$!& "(#( "! %&! '+

+./%'! '(! *9+>! #,'!8)*$&3

 !"!# $%&'' (&%)*%+&*,'

 ! !>*$%*'! '(! #,'!8)*$& 9: ?*%&& @%*7)*'%)!&3 A,! "*: '+ 7!<,! ?*%&& @%*7)*B

'%)!& +, * '!')*(!7)* #& '+ +./%'! '(!. 0+) '(! %9! *,7 C+$$*/&!D '(! @%*7)*'%)!&

/+#,'& 1*,7 '(! *&&+#*'!7 "!#8('&6 #,'+ '(! '!')*(!7)+,3 E+"!>!)F '(#& /)+!7%)!

'%),& +%' '+ 9! >!): !G/!,&#>! 0+) (#8(!)B+)7!) 7#&)!'#&*'#+,3 H,&'!*7F "! *)!

.*I#,8 %&! +0 '(!  "#"$%&' ?*%&& @%*7)*'%)!&F "(#( (*>! 9!!, 7!)#>!7 0+)

/+$:,+.#*$& 0+) +)7!)& p ≤ 93 J(! +,&')%'#+, +0 '(!&! /+#,'& *,7 "!#8('& #&
9*&!7 +, '+/+$+8#*$ &:..!')#!& "#'(#, '(! '!')*(!7)+,F *,7 #& +,&#7!)*9$! .+)!

+./$#*'!7 0+) +)7!)& p > 93 K#,! "! #./$!.!,' 9*&#& 0%,'#+,& %/ '+ /+$:B
,+.#*$ 7!8)!! <>!F '(! (#8(!&' +)7!) @%*7)*'%)! )%$! "! ,!!7 1'+ +./%'! '(!

!,')#!& +0 '(! .*&& .*')#GF 0+) !G*./$!6 #& p = 103 J*9$! H 10)+. LMN℄6 &(+"& '(!
,%.9!) +0 @%*7)*'%)! /+#,'& ,!!7!7 '+ #,'!8)*'! /+$:,+.#*$& %/ '+ +)7!) p ≤ 133
1J(! '*9$! #& '*I!, 0)+. LMN℄ *,7 "! *)! ,+' *"*)! +0 *,: #./)+>!.!,'& +, '(!

@%*7)*'%)! )%$!& &#,!36  ! *, #..!7#*'!$: &!! '(*' ,%.!)#*$ #,'!8)*'#+, +>!)

* '!')*(!7)+, 9!+.!& #,)!*&#,8$: +&'$:F "(#( /)*'#*$$: /)+(#9#'& '(! %&! +0

>!): (#8(B+)7!) /+$:,+.#*$& 0+) '()!!B7#.!,&#+,*$ /)+9$!.&3 J(#& /)+9$!. *, 9!

/*)'#*$$: #)%.>!,'!7 9: %&#,8 ,+7*$B9*&!7 /+$:,+.#*$ 9*&!&3 K!! L2PF QRF NN℄ 0+)

!G*./$!3

 !"#$ %&  !"#! "$ %$&'(*&' +(!(+,+ !,+-&$. /!' /0(&1&' !,+-&$. "2 3,/'$/*,$&
%"(!*. 2"$ *0& 4/,.. (!*&5$/*("! $,6& "1&$ *$(/!56&. /!' *&*$/0&'$/

J)#*,8$!& J!')*(!7)*

S+$:3 +)7!) T#,3 U(#!>!7 T#,3 U(#!>!7

4 4 4 4 4

R 2 2 N N

2 N N Q Q

N 5 5 44 44

Q M M 4N 4N

5 4R 4R RN RN

M 42 42 RV 24

V 45 45 NW N2

P 4P 4P QR Q2

4W RN RQ 5V

44 RM RM 4R5

4R 22 22

42 25 2M R4W



 !" #$%&'$'()*)+,( -')*+&. /,0 )1' .',(-3,0-'0 4*56'&& '78*)+,( "9

 !"!# $%& '((&)*+,

 !"#$ &'()"*+, "-# #.#'#+" /+0 !/# '/"$*#12 3# +&3 -/4# "& /11#'5.# "-#1#

'/"$*#1 *+"& / ,.&5/. '/"$*6 A7 8&$ "-# 9: '#"-&012 &+# +##01 "& /11#'5.#

5&"- #.#'#+" /+0 !/# '/"$*#17 8&$ "-# H(curl);&+!&$'*+, '#"-&02 &+.< #.#'#+"
'/"$*#1 /$# /11#'5.#0 5)" *+ 1)- / 3/< "-/" "-# "/+,#+"*/. &+"*+)*"< *1 #+!&$#0

1"$&+,.<7

:..'$;&< ,/ )1' => $')1,-.

=# >$1" .&&( &4#$ /.. "-# #.#'#+"1 /+0 !&$ #/- #.#'#+" t 3# /00 "-# !&..&3*+,

&+"$*5)"*&+1 "& "-# ,.&5/. '/"$*62

[A]
tt ← S

t − M
t.

 1 / 1#&+0 1"#(2 3# .&&( &4#$ /.. "-# !/#17  ,*4#+ !/# f #*"-#$ &++#"1 "& "3&

#.#'#+"12 tR /+0 tL2 &$ *1 / 5&)+0/$< !/# /+0 &++#"1 "& &+.< tL7 ?+ /+< /1#2

!&$ "-# ?@;9: '#"-&0 3# /00 "-# !&..&3*+, '/"$*#1 "& "-# &$$#1(&+0*+, (/$" &!

"-# ,.&5/. '/"$*6 A2

[A]
LL ← −1

2

(
F

LL + G
LL

)
+ H

LL,

[A]
LR ← −1

2

(
F

LR + G
LR

)
+ H

LR,

[A]
RL ← −1

2

(
F

RL + G
RL

)
+ H

RL,

[A]
RR ← −1

2

(
F

RR + G
RR

)
+ H

RR,

3-#$# F
LR =

(
G

RL
)T

7 ?! f *1 / 5&)+0/$< !/#2 3# A)1" 1*'(.< *,+&$# /.. "-#

&+"$*5)"*&+1 #6#(" !&$ [A]
LL
/+0 3# $#(./# 1

2 "-#$# 3*"- 17

8&$ "-# 9: '#"-&0 ,*4#+ 5< BC7DEF2 "-# &'()"/"*&+ &! "-# +)'#$*/. G)6 *1

/ 5*" '&$# *+4&.4#07 H&3#4#$2 *! 3# &'5*+# BC7IJF 3*"- BC7ICF 3# /+ $#&4#$ "-#

&+"$*5)"*&+1 !&$ "-# .*!"*+, &(#$/"&$17 =# /00 "-#1# *+ (./# &! H '/"$*#1 /5&4#K

[A]
LL ←− 1

2

(
F

LL + G
LL

)

+
ηF + nf

4

(
C

LL
(
M

L
)−1

D
LL + C

LR
(
M

R
)−1

D
RL

)
,

[A]
LR ←− 1

2

(
F

LR + G
LR

)

+
ηF + nf

4

(
C

LL
(
M

L
)−1

D
LR + C

LR
(
M

R
)−1

D
RR

)
,
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[A]
RL ←− 1

2

(
F

RL + G
RL

)

+
ηF + nf

4

(
C

RL
(
M

L
)−1

D
LL + C

RR
(
M

R
)−1

D
RL

)
,

[A]
RR ←− 1

2

(
F

RR + G
RR

)

+
ηF + nf

4

(
C

RL
(
M

L
)−1

D
LR + C

RR
(
M

R
)−1

D
RR

)
,

 !"#" C
LR =

(
D

RL
)T

$

%" &"#'(#) * +,),-*# *++").-/ (0 1!" 2-(.*- #,2!13!*04 +,4" bh 1( *##,5" *1 1!"

-,0"*# +/+1")

AEh = bh, 67$89:

 !"#" 1!" )*1#,; A ,+ +/))"1#, ,04"=0,1"$

8//'4691 .3 &#' H(curl)2.,3.(40,5 4'&#.:/

%" (0-/ 0""4 1!" "-")"01 )*1#,"+ ,0 1!,+ *+"$ >( "5"#?  " 0( *-+( !*5" 1(

)*@" +A#" 1!*1 1!"/ *#" *++").-"4 ,0 +A! *  */ 1!*1 1!" 1*02"01,*- (01,0A,1/ ('

1!" 4,+#"1" +&*" ,+ 2A*#*01""4 (0 1!"  !(-" 4()*,0 Ω$ B,0" 1!" .*+,+ 'A01,(0+
67$C:D 67$E: *#" 4"+,20"4 +( &#",+"-/ ,0 (#4"# 1( +*1,+'/ 1!*1 (04,1,(0?  " (0-/

!*5" 1( *##/ (A1 * '" .((@@""&,02 +1"&+$

 F"1"#),0" 1!" 1(1*- 0A)."# (' 2-(.*- 4"2#""+ (' '#""4()$ F"&"04,02 (0 1!"

&(-/0(),*- (#4"# p?  " @0( 1!" 0A)."# (' .*+,+ 'A01,(0+ *++(,*1"4 1(

"*! "42"? '*" *04 "-")"01 ,01"#,(#$ G(A01,02 1!" 0A)."# (' "42"+? '*"+

*04 "-")"01+ ,+ +1#*,2!1'(# *#4? *04 1!,+ ,0'(#)*1,(0 ,+ ('1"0 &#(5,4"4 ./

1!" )"+! 2"0"#*1(#$

 H++,20 "*! -(*- .*+,+ 'A01,(0 * 2-(.*- 0A)."# 1!*1 #"&#"+"01+ 1!" 2-(.*-

.*+,+ 'A01,(0$ I ( (# )(#" -(*- .*+,+ 'A01,(0+ +!(A-4 *##/ 1!" +*)" 2-(.*-

0A)."# ,' 1!"/ *#" (' 1!" +*)" 1/&" *04 (#4"#? *04 *#" *++(,*1"4  ,1! 1!"

+*)" "42" (# '*"$

 I!" -(*- )*1#,"+ *04 1!" -(*- #,2!13!*043+,4" 5"1(#+ *#" *++").-"4 +( 1!*1

1!" (01#,.A1,(0+ *#" "01"#"4 ,0 1!" )*1#,; *(#4,02 1( 1!",# 2-(.*- 0A)."#$

J1 ,+ -"*# 1!*1 (0" (A-4 4( 1!" +*)" '(# 1!" FK )"1!(4+$ LA1 1!"0 "5"#/ -(*-

.*+,+ 'A01,(0 #"&#"+"01+ (0-/ * +,02-" 2-(.*- (0" +( 1!" #"0A)."#,02 ,+ 1#,5,*-$

I!" #"+A-1,02 -,0"*# +/+1") '(# * 2,5"0 )"+! ,+ 0( +)*--"# 1!*0 ,0 1!" FK

*+"$ >( "5"#? 1!" )*++ )*1#,; ,0 1!" FK )"1!(4+ ,+ .-(@34,*2(0*-  !,-" ,1 ,+

0(1 ,0 1!" H(curl)3(0'(#),02 *+"$ H .-(@34,*2(0*- )*++ )*1#,; )*/ 0(1 ."

)A! (' *0 *45*01*2"  !"0 1!" 1,)"3!*#)(0, M*; "-- "NA*1,(0 ,+ 4,+#"1,+"4 .A1

,1 *0 &-*/ *0 ,)&(#1*01 #(-" ,0 1!" 1,)" ,01"2#*1,(0 (' 1!" 1,)"34"&"04"01 M*; "--

"NA*1,(0+$ %"  ,-- #"1A#0 1( 1!,+ ,0 )(#" 4"1*,- ,0 G!*&1"# E$



 !" #$%'()*%+ ,-./,01 2 

 !" #$%'()*%+ ,-./,01

 ! "#$! %&'$()!) # *&#+!,'&- .' (+%/!+!0. "(1"2'&)!& 30(.! !/!+!0. +!."')4 '0

.!.&#"!)&#/ +!4"!4 ,"!0 "(!&#&"( H(curl)2'0*'&+(01 6#4(4 *70.('04 #&! 74!)8
9"! *&#+!,'&- '$!&4 ."! (+%/!+!0.#.('0 '* 6'." 4:++!.&( ;< +!."')4 #0)

1/'6#//: H(curl)2'0*'&+(01 )(4&!.(4#.('048 9"! 4(01/! +'4. (+%'&.#0. '0.&(2
67.('0 '* ."(4 "#%.!& (4 ."#.= ."&'71" # 4(+%/! !>#+%/!= ,! "#$! "(1"/(1".!) #

%'44(6/! )(4&!%#0: (0 ."! )!30(.('0 '* '0! .:%! '* 6#4(4 *70.('04 (0 ."! '04.&72

.('0 '* ."! "(!&#&"( H(curl)2'0*'&+(01 6#4(48 ?* ."(4 (4 0'. #&!*7//: #))&!44!)=

."! .#01!0.(#/2'0.(07(.: '0)(.('0 (0 ."! 1/'6#//: H(curl)2'0*'&+(01 )(4&!.(4#2

.('0 +#: 6! 6&!#"!) *'& %'/:0'+(#/ '&)!&4 p ≥ 38 @ 4(+%/! 67. !A!.($! 4'/7.('0

.' ."! %&'6/!+ "#4 6!!0 %&'%'4!) #0) ."! +#(0 4.!%4 '* ."! (+%/!+!0.#.('0 "#$!

#/4' 6!!0 )(4744!) (0 )!.#(/48





 !"#$%&  
 !"#$%& !'(%&") !%*%$'"'*+ , *

+)$$'"*#- .#+- ("#(/ /+ 0%&'*1#(

.#+-*'"#+%"# (+  , "2' "#$'32%*$ (#-

$%45'&& '6/%"# (+

 !" #$%&'()%+'$

 !" #$%'()$"* +, *+(-$./ )!" 0123"(( "4'1)$+.* '*'1((5 ($" $. )!" +67("2$)5 +,

)!" /"+6")859 )!" 78"*"." +, 61)"8$1( #$*+.)$.'$)$"* 1.# )!" ,1) )!1) )!" '8(

+7"81)+8 !1* 1 (18/" :"8."(; 0+8"+-"89 )!" '.:.+3. <"(#* $. )!" 0123"(( "4'1)$+.*

!1-" *7"$1( /"+6")8$ !181)"8$*)$*;  !"*" 18" 6+*) 78+.+'."# $. )!" )!8""=

#$6".*$+.1( -"8*$+. +, )!" "4'1)$+.*9 1.# 61.$,"*) )!"6*"(-"* $. )!" #" >!16

#$1/816? *"" ";/; @A9 BC9 CD℄; F+3"-"89 61.5 +, )!" 7+7'(18 .'6"8$1( #$*8")$*1=

)$+. )"!.$4'"* #+ .+) *1)$*,5 )!" #" >!16 #$1/816 1) )!" #$*8")" ("-"(9 1.# +,)".

+.)16$.1)" )!" .'6"8$1( *+(')$+. G5 78+#'$./ *7'8$+'* 6+#"*; H." .+)1G("

"2"7)$+. $* )!" H(curl)=+.,+86$./ <.$)"="("6".) 6")!+#9 3!$! 61:"* '*" +,
*7"$1( -")+8=-1('"# 7+(5.+6$1(* )+ 6$6$ )!" /"+6")8$ 78+7"8)$"* +, )!" "(")8+=

61/.")$ <"(#* 1) )!" #$*8")" ("-"(; I1*"# +. )!" +."7) $.)8+#'"# G5 J!$)."5

$. )!" +.)"2) +, 1(/"G81$ )+7+(+/5 @KL℄9 )!"5 3"8" 78+7+*"# ,+8 )!" 0123"(( *5*)"6

G5 MN#N(" 1.# I+**1-$) @K9 CK9 CA℄; O !$"818!$ +.*)8')$+. +, !$/!=+8#"8 G1*$*

,'.)$+.* )!1) *1)$*,5 )!" *16" 78+7"8)$"* 18" /$-". $. @P℄ ,+8 )")81!"#81( 6"*!"* 1.#

$. @QB℄ ,+8 6+8" /"."81( )!8""=#$6".*$+.1( 6"*!"*;  !" ,1) )!1) )!"*" ,'.)$+.*

78"*"8-" )!" /"+6")8$ 78+7"8)$"* +, )!" 0123"(( "4'1)$+.* !1* 6+)$-1)"# 61.5

)+ *)'#5 )!" 0123"(( *5*)"6 1.# $)* .'6"8$1( #$*8")$*1)$+. $. )!" ,816"3+8: +,

#$R"8".)$1( /"+6")85 @ST9 BC℄;

F+3"-"89 *'! "("6".)* *'R"8 ,8+6 1 +'7(" +, 781)$1( !'8#("*; U. 718)$'(189

1()!+'/! )!"5 18" 171G(" +, !1.#($./ +67("2 /"+6")8$1( ,"1)'8"* 1.# 61)"8$1(



  !"#$%&' () *$%+,#- $#'#,&%&' &.%+,#%&. /0' .1,,&%'+ 34

 !"$%&!%'!&!(") !*+,(*(%&-&!$% !" !%.(-"!%/,0  !1',& 23(% 3!/34$. (. 5-"!" 6'%4

&!$%" -.( '"( 7 8'.&3(.*$.() (9&(% !%/ &3( -++.$-3 &$ %$%4$%6$.*!%/ *("3(":

23(.( &3( ,$-, +$,0%$*!-, $. (. -% ;-.0 5(&2((% (,(*(%&" -% 3-%/!%/ %$ ("

-% 5( +.("(%&:+$"(" $%"! (.-5,(  !1',&!("7

<%( -&&.-&!;( -,&(.%-&!;( !" &3(  !"$%&!%'$'" =-,(.>!% ?@=A B%!&( (,(*(%&

*(&3$ 7 C& -% 3-% ,( %$%4$%6$.*!%/ *("3(" .(,-&!;(,0 (-"!,0 -% &3( !*+,(*(%4

&-&!$% $6 3!/34$. (. 5-"!" 6'%&!$%" !" -,"$ $*+-.-&!;(,0 "&.-!/3&6$.2-. 7 D("(-.3

!% &3( B(, $6 @= *(&3$ " 3-" 5((% ;(.0 -&!;( !% &3( +-"& &(% 0(-." $. "$E "(( &3(

.((%& 5$$>" FGH℄ -% FJJ℄ -% .(6(.(%(" &3(.(!%7 C% &3( $%&(9& $6 &3( K-92(,,

(L'-&!$%") - %$ -, -++.$-3 2-"  (;(,$+( !% FJG℄) -% 6'.&3(. "&' !( !% FJM℄7 N3!"

-++.$-3 3- $.!/!%-,,0 5((% 5-"( $% O-948.!( .!3" &0+( %'*(.!-, P'9(") -% 

2-" ,-&(. -++,!( &$ &3( ,$-,  !"$%&!%'$'" =-,(.>!% *(&3$ FQR℄7 C% &3( *(-%&!*()

;-.!$'" @=  !".(&!"-&!$%" $6 &3( ,$246.(L'(%0 K-92(,, (L'-&!$%" FJS) JQ℄ -" 2(,,

-" &3( 3!/346.(L'(%0 K-92(,, (L'-&!$%" FJH) RJ) RM℄ 3-;( -,"$ 5((% (9&(%"!;(,0

"&' !( 7 N3( L'("&!$% $6 "+'.!$'" *$ (" !% @=  !".(&!"-&!$%" 3-" 5((% -  .(""( 

!% FRJ) QR) RM℄ 6$. $%6$.*!%/ *("3(" -% ) *$.( .((%&,0) !% FRT℄ 6$. &2$4 !*(%"!$%-,

%$%4$%6$.*!%/ *("3("7

C% &3!" 2$.>) 2( !%;("&!/-&( &3( &!*(43-.*$%! K-92(,, (L'-&!$%" !% - ,$"",(""

*( !'* 2!&3 !%3$*$/(%($'" 5$'% -.0 $% !&!$%") !7(7 B% &3( ?"-,( A (,(&.!

B(, E = E(x) &3-& "-&!"B("

∇× 1

µr
∇× E − k2εrE = J in Ω,

n × E = g on Γ,

?J7RA

23(.( Ω !" -% $+(% 5$'% ( O!+"3!&U +$,03( .$% $% R3 2!&3 5$'% -.0 Γ = ∂Ω
-% $'&2-. %$.*-, '%!& ;(&$. n7 N3( .!/3&43-% "! ( J !" &3( (9&(.%-, "$'.( -% 

k !" &3( ?.(-,4;-,'( A 2-;( %'*5(. 2!&3 &3( -""'*+&!$% &3-& k2 !" %$& - K-92(,,

(!/(%;-,'(7 N3.$'/3$'& &3!" 3-+&(. &3( ?.(,-&!;(A +(.*!&&!;!&0 -% &3( ?.(,-&!;(A

+(.*(-5!,!&0 $..("+$% &$ ;-''* ?$.  .0 -!.A7 N3-& !") 2( "(& εr = 1 -% µr = 17

<'& $6 &3( *-%0  !V(.(%& !%-.%-&!$%" $6 @=  !".(&!"-&!$%" 6$. ?J7RA 2( 6$'"

$% "0**(&.! $%(") "!*+,0 5(-'"( &3(0 +.$;! ( &3( +$""!5!,!&0 &$ '"( ,!%(-. "$,;(."

: "'3 -"  !"#$% : &3-& -.( (1!(%& 5'& $%,0 -++,!-5,( &$ "0**(&.! *-&.!("7 N3(

"0**(&.! !%&(.!$. +(%-,&0 @= ?CW4@=A *(&3$ !" +.$5-5,0 &3( *$"& +$+',-. "'3

*(&3$ &3-%>" &$ &3( "!*+,( +(%-,!"-&!$% &(.* !% &3( P'9 6$.*',-&!$%7 X$2(;(.)

&3( +(%-,!"-&!$% &(.* /.$2" L'!&( "3-.+,0 -" &3( +$,0%$*!-, $. (. !" !%.(-"( $.

&3( *("3 !" .(B%( 7 Y" -% -,&(.%-&!;() $%( *-0 $+& 6$. - %'*(.!-, P'9 6$.*',-&!$%

&3-& *->(" '"( $6 - ,$-, ,!6&!%/ $+(.-&$.) "'3 -" &3( $%(" !%&.$ '( !% FH℄ -% 

FRG℄7 N3("( 6$.*',-&!$%") &$/(&3(. 2!&3 - ,-./( %'*5(. $6 $&3(. P'9 3$!(") 2(.(

-%-,0"( !% FJ℄ 6$. &3( O-+,-( $+(.-&$.) -% 2( .(6(. &$ &3-& 2$.> -% .(6(.(%("

&3(.(!% 6$. 6'.&3(.  (&-!,"7

N3( -"0*+&$&! $%;(./(%( 5(3-;!$'. $6 &3( CW4@=  !".(&!"-&!$% 6$. ?J7RA 2-"

B."& ("&-5,!"3( !% FJH℄7 C% FRJ℄) &3( -"0*+&$&! "+(&.-, +.$+(.&!(" $6 &3( -""$!-&( 



 !" #$%&'()%+'$ ,-

 !" #$%&' ()*+& ,

∇× 1

µr
∇× E − k2εrE = 0 in Ω,

n × E = 0 on Γ,

-./01

2 ) %#%&34 5 6*) 78 9:; !#*,(& 7 9:; #*#=43,, 7)! 9:; %#5 &*%& >? -@>?1

, 78*54/ A# % ()!*)!  47!,%7 6*)  %8 *6 78 4 , 78*54 ) 4'&74 %4 % 5!) 7 *)*&&%)3

*6 78 4( 7)%& %#%&34!4/

B 7%C % 4&!"87&3 5!D ) #7 %(()*%8 !# 78!4 8%(7 )/ 96 78 ()*+& , !4 78)  =

5!, #4!*#%& !7 !4 *67 # ,*) !#47)'7!$ 7* &**C %7 78 5!4) 7!4%7!*# !# 78 () =

%43,(7*7! ) "!, ; 4!# !# ,%#3 ()%7!%& %((&!%7!*#4 78 5 4!) 5  ))*) 6%&&4 !#7*

78%7 ) "!*#/ E'8 %# %(()*%8 2%4 7%C # !# FGH℄; 28 ) !7 2%4 48*2# 78%7 6*) %

"!$ # , 48 78 5!4) 7  !" #$%&' 4 *6 78 43,, 7)! @>? , 78*5 7 #5 7* 78 

H(curl)=*#6*),!#" 5!4) 7  !" #$%&' 4 %4 78 ( #%&73 (%)%, 7 ) 7 #54 7* !#J#!73/

K8 4%, ) 4'&7 !4 #%7')%&&3 $%&!5 6*) *78 ) 43,, 7)! >? 5!4) 7!4%7!*#4; 4'8 %4

78 *# 4 *#4!5 ) 5 8 ) /

L*2 $ ); 7%C!#" % 7** &%)" ( #%&73 7 ), *, 4 %7 % *,('7%7!*#%& *47/ 97

) 4'&74 !# % &%)" ) #',+ ) *6 !7 )%7!*#4 28 # %# !7 )%7!$ 4*&$ ) !4 '4 5 6*) 78 5!4=

) 7 &!# %) 4347 , *)) 4(*#5!#" 7* -./H1 *) -./01/ M')78 ),*) ; !6 78%7 4347 , !4

'4 5 %4 % 4 ,!=5!4) 7 4347 , !# 7!, =5*,%!# *,('7%7!*#4; % &%)" ( #%&73 7 ),

) 4'&74 !# % (%)7!'&%)&3 47)!#" #7 7!, =47 ( ) 47)!7!*# 6*)  N(&!!7 7!, =!#7 ")%7!*#

, 78*54/ 97 !4 78 ) 6*)  44 #7!%& 78%7 %# *(7!,%&  47!,%7 6*) 78 ( #%&73 (%=

)%, 7 ) + "!$ # 78%7 "'%)%#7  4 47%+!&!73 +'7 5* 4 #*7 4!"#!J%#7&3 *,()*,!4 

*,('7%7!*#%&  O! #3/

A#  N(&!!7  N() 44!*# *6 78 9: (%)%, 7 ) 6*) 78 :*!44*#  P'%7!*#4 *# 4!,(&!=

!%& , 48 4 2%4 5 )!$ 5 !# FQR℄ %#5 ,*) )  #7&3 !# F0S℄/ B  N7 #5 78 4 ) 4'&74

7* 78 T%N2 &&  P'%7!*# -./H1 6*) 9:=>? %#5 %&4* ()*$!5 %#  N(&!!7  N() 44!*# *6

78 >? , 78*5 *)!"!#%&&3 !#7)*5' 5 !# FH0℄ %4 % 4&!"87&3 ,*5!J 5 $ )4!*# *6 FU℄/

V') ) 4'&74 %) +%4 5 *# 78 7)% !#$ )4 !# P'%&!73 FG0℄ %#5 *# %#  N7 #4!*# *6

%# %')%7  47!,%7 6*) 78 &!67!#" *( )%7*)4 FUW℄/

M*) *') >? 5!4) 7!4%7!*# 2 '4 % 8! )%)8! *#47)'7!*# *6 H(curl)=
*#6*),!#" +%4!4 6'#7!*#4 F0; Q.℄/ K8 3 4%7!463 78 "&*+%& 5 X8%, 5!%")%, !# 78 

*#7!#'*'4 J#!7  & , #7 4 77!#"/ L*2 $ ); + %'4 *6 78 5!4*#7!#'*'4 #%7') 

*6 78 , 78*54 5!4'44 5 8 ) ; 2 %##*7  N( 7 *') 5!4) 7!4%7!*# 7* + "&*+%&&3

H(curl)=*#6*),!#" %#5 7* 4%7!463 78 5 X8%, 5!%")%,/ Y $ )78 & 44; 2 + &! $ 

78%7 78 '4 *6 H(curl)=*#6*),!#" +%4!4 6'#7!*# !4 + # J!%&; 4!# !7  #7%!&4 78%7

78 %$ )%" %)*44 %#3 6% !4 %&4* H(curl)=*#6*),!#"/ M*) 8!"8 )=*)5 ) (*&3#*=

,!%&4; !7 %&4* ) 4'&74 !# % 4(%)4 ) 47!D# 44 ,%7)!N -!/ / 5!4) 7 ')&=')& *( )%7*)1

78%# 47%#5%)5 4%&%) H1=*#6*),!#" +%4!4 6'#7!*#4/

B !,(& , #7 78 +%4!4 6'#7!*#4 '( 7* *)5 ) J$ / 9# ()!#!(& ; !7 !4 (*44!+& 

7* !#) %4 78 *)5 ) 6')78 ); +'7 !,(& , #7%7!*# !# 78)  5!, #4!*#4 !4 8!#5 ) 5

+3 % #',+ ) *6 ()%7!%& 5!O'&7! 4/ M!)47; 8!"8=*)5 ) -!/ / p > 91 P'%5)%7') 

)'& 4 6*) 7 7)%8 5)% %) 47!&& 4'+=*(7!,%& %#5 *,('7%7!*#%&&3  N( #4!$ ; ,%C!#"

78 %44 ,+&3 % & #"783 ()* 5') / E *#5; !7 )%7!$ 4*&$ )4 6*) !#5 J#!7 &!# %)
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 ! "#$ %&# '()*( ") )(,#&-#  .)*.!/ % 0&)0#&"! #1%#&2%"#3 2! "4# 5 # )6 ,#&!

47-48)&3#& H(curl)8)(6)&$7(- 2% 7 65("7)( 9

:4# 4%0"#& 7 )&-%(7 #3 % 6)..)* 9 ;# 3#<(# "4# "#  #..%"7)( %(3 65("7)(

 0%# 7( =#"7)( >9? %(3 3#&7,# "4# @A 37 &#"7 %"7)( 6)& B>9CD 7( =#"7)( >9E9

;# 3#&7,# #10.77" .)*#& 2)5(3 6)& "4# 0#(%."! 0%&%$#"#& 7( "4# @A $#"4)3 

%(3 % 0&7)&7 500#& 2)5(3 6)& "4# @A $#"4)3 "4#$ #.,# 7( =#"7)( >9>9 :4&##8

37$#( 7)(%. (5$#&7%. )$05"%"7)( %&# %&&7#3 )5" 7( =#"7)( >9F ")  4)* "4#

,%.737"! )6 "4# # "7$%"# 9 G7(%..!/ 7( =#"7)( >9H/ *# )(.53# %(3 0&),73# %(

)5".))'9

 !" #$%%$&&'()*+ '+, -.+()*+ %0'$%

;# )( 73#& % "#  #..%"7)( Th "4%" 0%&"7"7)( "4# 0).!4#3&%. 3)$%7( Ω ⊂ R3 7(") %

 #" )6 "#"&%4#3&% {K}9 :4&)5-4)5" "4# 4%0"#& *# %  5$# "4%" "4# $# 4 7  4%0#8

&#-5.%& %(3 "4%" #%4 "#"&%4#3&)( 7  "&%7-4"8 73#39 :4# ()"%"7)( Fh/ F i
h %(3 Fb

h

 "%(3 &# 0#"7,#.! 6)& "4#  #" )6 %.. 6%# {F}/ "4#  #" )6 %.. 7("#&(%. 6%# / %(3 "4#

 #" )6 %.. 2)5(3%&! 6%# 9 G)& % 2)5(3#3 3)$%7( D ⊂ Rd/ d = 2, 3/ *# 3#()"# 2!

Hs(D) "4#  "%(3%&3 =)2).#,  0%# )6 65("7)( *7"4 &#-5.%&7"! #10)(#(" s ≥ 0 %(3

()&$ ‖ · ‖s,D9 ;4#( D = Ω/ *# *&7"# ‖ · ‖s9 I( "4# )$05"%"7)(%. 3)$%7( Ω/ *#

7("&)35# "4#  0%#

H(curl; Ω) :=
{

u ∈
[
L2(Ω)

]3
: ∇× u ∈

[
L2(Ω)

]3}
,

*7"4 "4# ()&$ ‖u‖2
curl = ‖u‖2

0 + ‖∇ × u‖2
09 J#" H0(curl; Ω) 3#()"# "4#  52 0%#

)6 H(curl; Ω) )6 65("7)( *7"4 K#&) "%(-#("7%. "&%#9 ;# *7.. %. ) 5 # "4# ()"%"7)(

(·, ·)D 6)& "4#  "%(3%&3 7((#& 0&)35" 7(
[
L2(D)

]3
/

(u,v)D =

∫

D

u · v dV,

%(3 "4# )0#&%")& ∇h 6)& "4# #.#$#("*7 # %00.7%"7)( )6 ∇ = (∂/∂x, ∂/∂y, ∂/∂z)
T
9

;# ()* 7("&)35# "4# <(7"# #.#$#("  0%# %  )7%"#3 *7"4 "4# "#  #..%"7)( Th9

J#" Pp(K) 2# "4#  0%# )6 0).!()$7%. )6 3#-&## %" $) " p ≥ 1 )( K ∈ Th9 I,#&

#%4 #.#$#(" K "4# H(curl)8)(6)&$7(- 0).!()$7%.  0%# 7 3#<(#3 % 

Qp =
{

u ∈ [Pp(K)]
3
; uT |si

∈ [Pp(si)]
2
; u · τ j |ej

∈ Pp(ej)
}

, B>9ED

*4#&# si/ i = 1, 2, 3, 4 %&# "4# 6%# )6 "4# #.#$#("L ej / j = 1, 2, 3, 4, 5, 6 %&# "4#

#3-# )6 "4# #.#$#("L uT 7 "4# "%(-#("7%. )$0)(#(" )6 uL %(3 τ j 7 "4# 37&#"#3

"%(-#("7%. ,#")& )( #3-# ej 9 ;# 3#<(# "4#  0%# Σp
h % 

Σp
h :=

{
σ ∈ [L2(Ω)]3

∣∣∣ σ|K ∈ Qp, ∀K ∈ Th

}
.

M)( 73#& %( 7("#&6%# F ∈ Fh 2#"*##( #.#$#(" KL %(3 #.#$#(" KR/ %(3 .#"

nL %(3 nR &#0&# #(" "4#7& &# 0#"7,# )5"*%&3 0)7("7(- ()&$%. ,#")& 9 ;# 3#<(#



 !" #$%%$&&'()*+ '+, -.+()*+ %0'$% 12

 !"  #$%"$ &#' ()*+ #$,  !" #-".#%" /0  !" 1)#$ & 2 u #./44 &$ ".0#" F #4

[[u]]T = nL × uL + nR × uR #$, {{u}} =
(
uL + uR

)
/2,

."4+" &-"'25 6"." uL #$, uR #."  !" -#')"4 /0  !"  .#" /0 u # ∂KL #$, ∂KR7

."4+" &-"'25 8  !" 9/)$,#.2 Γ7 :" 4" {{u}} = u #$, [[u]]T = n × u5 ;$ #4" :"

/$'2 $"",  !" #-".#%" /0  !"  #$%"$ &#' /*+/$"$ 47 :" )4"  !" $/ # &/$ {{u}}T 5

</.  !" #$#'24&4 &$ =" &/$ >5>7 :" #'4/ ,"?$"  !" @A $/.*

‖v‖DG = (‖v‖2
0 + ‖∇h × v‖2

0 + ‖ − 1

2 [[v]]T ‖2
0,Fh

)
1

2 ,

:!"." ‖ · ‖0,Fh
,"$/ "4  !" L2(F) $/.*7 #$,  (x) = hF 7 :!&! &4  !" ,&#*" ".

/0 0#" F /$ #&$&$% x7 &5"5 ‖ − 1

2 [[v]]T ‖2
0,Fh

=
∑

F∈Fh
hF [[v]]T ‖2

0,F 5 =&*&'#.'27 hK

,"$/ "4  !" ,&#*" ". /0 "'"*"$ K5 B/ "  !#  !" 4!#+"C."%)'#. +./+". 2 /0  !"

*"4! &*+'&"4  !#  !"." &4 # +/4& &-" /$4 #$ Cd &$,"+"$,"$ /0  !" *"4! 4&D" 4)!

 !# 0/. #'' 0#"4 F #$,  !" #44/&# ", "'"*"$ 4 KR #$, KL :" !#-"

hF ≤ Cd min{hKL , hKR}. E>5>F

G/ ,".&-"  !" @A 0/.*)'# &/$4 E&$  !" $"H 4" &/$F :" ?.4 $"",  / &$ ./,)"

%'/9#' '&0 &$% /+".# /.4 0/. u ∈ Σp
h5 G!" %'/9#' '&0 &$% /+".# /. L :

[
L2(F i

h)
]3 → Σp

h

&4 ,"?$", #4

(L(u),v)Ω =

∫

Fi
h

u · [[v]]T dA, ∀v ∈ Σp
h, E>5IF

#$,  !" %'/9#' '&0 &$% /+".# /. R :
[
L2(Fh)

]3 → Σp
h #4

(R(u),v)Ω =

∫

Fh

u · {{v}}dA, ∀v ∈ Σp
h. E>5JF

</. # %&-"$ 0#" F ∈ Fh7 :" :&'' #'4/ $"",  !" '/#' '&0 &$% /+".# /.

RF :
[
L2(F )

]3 → Σp
h7 ,"?$", #4

(RF (u),v)Ω =

∫

F

u · {{v}}dA, ∀v ∈ Σp
h. E>5KF

B/ "  !# RF (u) -#$&4!"4 /) 4&,"  !" "'"*"$ 4 /$$" ",  /  !" 0#" F 4/  !# 0/.

# %&-"$ "'"*"$ K ∈ Th :" !#-"  !" ."'# &/$

R(u) =
∑

F∈Fh

RF (u), ∀u ∈
[
L2(Fh)

]3
. E>5LF

M" #'4/ )4"  !" $/ # &/$ Hr(Ω) 0/.  !" =/9/'"- 4+#" E:& ! # +/44&9'2 $/$C&$ "%".

"H+/$"$ F #$,  !" $/ # &/$

Hr(Th) :=
{
u ∈ L2(Ω): ∇× u|K ∈ Hr(K),∀K ∈ Th

}
,
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 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'(

 ! "#$ %!&'(! )*! +, -#&./01)'#" -#& 234564  ! 7&8) 9&#('%! 1 :!"!&10 ;'0'"!1&

-#&. $*!&! )*! *#'! #- )*! "/.!&'10 =/> '8 "#) ?!) 89!'7!%4 @*!" $! #"8'%!&

)$# %'A!&!") %!7"')'#"8 #- )*! "/.!&'10 =/>B !1* #- $*'* &!8/0)8 '" 1 8?..!)&'

10:!;&1' 8?8)!.4

 !"!# $%&'()*'+, +- *.% /'0',%)& -+&1

@*! %!&'(1)'#" -#00#$8 )*! 81.! 0'"!8 18 )*! #"! '" CDE℄ -#& )*! G1901! #9!&1)#&4

H#$!(!&B )*'8 )'.! ') '8 1&&'!% #/) -#& )*! /&0I/&0 #9!&1)#&4  ! 108# &!-!& )# C3℄

-#& 1 /"'7!% 1"10?8'8 #" +, .!)*#%8 -#& !00'9)' 9&#;0!.84

 ! 7&8) '")&#%/! )*! 1/>'0'1&? (1&'1;0! q ∈
[
L2(Ω)

]3
8# )*1)B '"8)!1% #- 23456B

$! 1" #"8'%!& )*! 7&8)I#&%!& 8?8)!.

∇× q − k2E = J in Ω,

q = ∇× E in Ω, 234J6

n × E = g on Γ.

K&#. *!&! $! -#00#$ )*! 8)1"%1&% +, 199&#1* 2:'(!"B -#& !>1.90!B '" C3℄ #&

CDE℄ -#& !00'9)' #9!&1)#&86L  ! ./0)'90? ;#)* !M/1)'#"8 '" 234J6 $')* 1&;')&1&? )!8)

-/")'#"8 φ,π ∈ Σp
h 1"% '")!:&1)! ;? 91&)8N "! '" )*! !0!.!") ;#/"%1&? '")!:&108

8/;8)')/)! )*! "/.!&'10 =/>!8 q∗
h 1"% E∗

h -#& )*!'& #&':'"10 #/")!&91&)8N ! 1"%

7"100? '")!:&1)! 1:1'" )*! 8!#"% !M/1)'#" '" 234J6 ;? 91&)84 @*!" $! 8!!O )*! 91'&

(Eh, qh) ∈ Σ
p
h × Σ

p
h 8/* )*1) -#& 100 )!8) -/")'#"8 (φ,π) ∈ Σ

p
h × Σ

p
hL

(qh,∇h × φ)Ω − k2 (Eh,φ)Ω +
∑

K∈Th

(n × q∗
h,φ)∂K = (J ,φ)Ω , 2345E6

(qh,π)Ω = (∇h × Eh,π)Ω +
∑

K∈Th

(n × (E∗
h − Eh) ,π)∂K . 234556

P!-#&! $! 9&#!!%B $! .1O! /8! #- )*! -#00#$'": &!8/0)L -#& 1"? :'(!" u,v ∈ Σp
hB

)*! '%!")')?

∑

K∈Th

(n × u,v)∂K =

−
∫

Fi
h

{{u}} · [[v]]T dA +

∫

Fi
h

{{v}} · [[u]]T dA +

∫

Fb
h

(n × u) · v dA 2345Q6

*#0%84 R#.;'"! )*'8 $')* 2345E6 1"% 234556 )# #;)1'"

(qh,∇h × φ)Ω − k2 (Eh,φ)Ω −
∫

Fi
h

{{q∗
h}} · [[φ]]T dA

+

∫

Fi
h

{{φ}} · [[q∗
h]]T dA +

∫

Fb
h

(n × q∗
h) · φdA = (J ,φ)Ω 2345S6
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 !"

(qh,π)Ω = (∇h × Eh,π)Ω −
∫

Fi
h

{{E∗
h − Eh}} · [[π]]T dA

+

∫

Fi
h

{{π}} · [[E∗
h − Eh]]T dA +

∫

Fb
h

(n × (E∗
h − Eh)) · π dA. #$%&$'

()  ! +,) -.) /01-0!2 34)5 -35, -3 )645),,7 !" -.+, )/080! -)7-.)  +60/0 59 : 50;

 </) qh  ,  1+!-03! 31 Eh% =538 #$%&$'  !" 1538 -.) ")>!0-03! 31 -.) /01-0!2

34)5 -35, #$%?'  !" #$%@'A 0- 13//3B, -. -

qh = ∇h × Eh − L({{E∗
h − Eh}}) + R([[E∗

h − Eh]]T ). #$%&?'

C)5) B) . :)  /,3 +,)" -.) <3+!" 59 ")>!0-03! 31 [[·]]T % D+<,-0-+-0!2 #$%&?' 0!-3

#$%&E'  !"  44/90!2 #$%&&' 5),+/-, 0! -.) B) F 1358

B(Eh,φ) := (∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω

−
∫

Fi
h

{{E∗
h − Eh}} · [[∇h × φ]]T dA +

∫

Fi
h

[[E∗
h − Eh]]T · {{∇h × φ}}dA

−
∫

Fi
h

{{q∗
h}} · [[φ]]T dA +

∫

Fi
h

[[q∗
h]]T · {{φ}}dA #$%&@'

+

∫

Fb
h

(n × (E∗
h − Eh)) · (∇h × φ) dA −

∫

Fb
h

q∗
h · (n × φ) dA = (J ,φ)Ω .

G.0, 0, -.) 2)!)5 / 4508 / 1358+/ -03! B.)5) 3!) ,-0// . , 15))"38 -3 8 F) .30),

 <3+- -.) !+8)50 / H+6), E∗
h  !" q∗

h -. -  5) 83,- ,+0- </) 135 -.) 453</)8% I!

3:)5:0)B 31 "0J)5)!- H+6), 135 -.) K30,,3! )L+ -03! 0, 20:)! 0! M$℄%

 !"!# $%&'()+, -%.'/

I- -.0, 430!-A B) ,4)019 -.) !+8)50 / H+6), E∗
h  !" q∗

h 0! #$%&@'% () 0!:),-02 -)

-B3 "0J)5)!- 1358+/ -03!,A 3!) 31 B.0. 5),+/-, 0! -.) OK;PQ 1358+/ -03! -. - B ,

-.353+2./9  ! /9,)" 0! M$@℄% G.) 3-.)5 0, ,080/ 5 -3 -.) ,- <0/0,)" )!-5 / H+6A

)6)4- -. - 0! -.) ,- <0/0, -03! -)58 B) +,) -.) /3 / /01-0!2 34)5 -35 #$%R'% S3-)

-. - 0! <3-.  ,), -.) !+8)50 / H+6),  5) 3!,0,-)!-A 0%)% ∀E, q ∈ H(curl,Ω) -.)

5)/ -03!, {{E}}T = n × EA {{q}} = n × qhA [[E]]T = 0  !" [[q]]T = 0 .3/"%

4()./$'/56.(,-)7 8*9

=05,-A B) ")>!) -.) !+8)50 / H+6), ,3 -. - -.)9 355),43!" -3 -.) OK H+6A

E∗
h = {{Eh}} , q∗

h = {{∇h × Eh}} −  F [[Eh]]T , 01 F ∈ F i
h,

n × E∗
h = g, q∗

h = ∇h × Eh −  F (n × Eh) +  F g, 01 F ∈ Fb
h, #$%&R'



 ! "#$%&'( )* +%&,-$. %$($-'&'( '/&,-$&'/ 01( /2--'&(, 45

 !"#  F $%!&' "#% (%&)*"+ (),)-%"%,. /% )& &1 ",)&231,- "#% 31**1 !&' 3)%

!&"%',)*2 )2

∫

Fi
h

[[E∗
h − Eh]]T · {{∇h × φ}}dA = −

∫

Fi
h

[[Eh]]T · {{∇h × φ}}dA,

∫

Fb
h

(n × (E∗
h − Eh)) · (∇h × φ) dA =

∫

Fb
h

(g − n × Eh) · (∇h × φ) dA,

∫

Fi
h

{{q∗
h}} · [[φ]]T dA =

∫

Fi
h

{{∇h × Eh}} · [[φ]]T dA −
∫

Fi
h

 F [[Eh]]T · [[φ]]T dA,

∫

Fb
h

(n × q∗
h) · φdA = −

∫

Fb
h

(∇h × Eh) · (n × φ) dA

+

∫

Fb
h

 F (n × Eh) · (n × φ) dA −
∫

Fb
h

 F g · (n × φ) dA,

 #!*% "#% 1"#%, 3)% !&"%',)*2 ),% 4%,1. 53  % (*6' "#%2% $)7 "1 89.:;<= >%?&% "#%

$!*!&%), 31,- Bip
h : Σp

h × Σp
h → R )2

Bip
h (Eh,φ) :=

(∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω −
∫

Fh

[[Eh]]T · {{∇h × φ}}dA

−
∫

Fh

{{∇h × Eh}} · [[φ]]T dA +

∫

Fh

 F [[E]]T · [[φ]]T dA 89.:@<

)&> "#% *!&%), 31,- J ip
h : Σp

h → R )2

J ip
h (φ) := (J ,φ)Ω −

∫

Fb
h

g · (∇h × φ) dA +

∫

Fb
h

 F g · (n × φ) dA, 89.:A<

 % #)B% "#% 5CDEF -%"#1> 31, "#% "!-%D#),-1&! G)H %** %I6)"!1&2= 31,-6*)"%>

)2 31**1 2. J!&> Eh ∈ Σp
h 26# "#)" 31, )** φ ∈ Σp

h "#% ,%*)"!1&

Bip
h (Eh,φ) = J ip

h (φ) 89.KL<

!2 2)"!2?%>. M1"% "#)" !& 89.:@<  % &1 *1&'%, >!2"!&'6!2# %H(*!!"*+ $%" %%& !&"%,&)*

)&> $16&>),+ 3)%2. N#!2 !2 (%,-!22!$*% "#)&72 "1 "#% >%?&!"!1&2 13 "#% )B%,)'%

)&> "#% ")&'%&"!)* O6-( )" "#% $16&>),+.

67-'(,$. 879 10 :(';;, 01(-7.$&,1<

P2 ) &%H" 2"%(=  % >%?&% "#% &6-%,!)* Q6H%2 !& "#% -)&&%, 13 R,%44! %" )*. S:K℄U

E∗
h = {{Eh}} , q∗

h = {{qh}} − αR([[Eh]]T ), !3 F ∈ F i
h,

n × E∗
h = g, q∗

h = qh − αR(n × Eh) + αR(g), !3 F ∈ Fb
h. 89.K:<



 !" #$%'()$(*'*% +,-./0$( 1$%/.)$%,)$'( 2"

 !"#" αR(u) = ηF {{RF (uh)}} $%# F ∈ Fh &'( ηF ∈ R+) *%++% ,'- .!" /&0" +,'"

%$ &#-10"'. &/ 2"$%#" &'( 1/,'- 34)5678 .!" 2,+,'"&# $%#0 34)597 '% .#&'/$%#0/ &/

B(Eh,φ) := (∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω

−
∫

Fh

[[Eh]]T · {{∇h × φ}}dA −
∫

Fh

{{∇h × Eh}} · [[φ]]T dA

−
∫

Fh

{{R([[E∗
h − Eh]]T )}} · [[φ]]T dA +

∑

F∈Fh

∫

F

ηF {{RF ([[Eh]]T )}} · [[φ]]T dA

+

∫

Fb
h

g · (∇h × φ) dA −
∑

F∈Fb
h

∫

F

ηFRF (g) · (n × φ) dA. 34)::7

;" &' '% 1/" .!" #"+&.,%'

∫

Fh

{{R([[E∗
h − Eh]]T )}} · [[φ]]T dA = (R([[E∗

h − Eh]]T ),R([[φ]]T ))Ω

≈ nf

∑

F∈Fh

(RF ([[E∗
h − Eh]]T ),RF ([[φ]]T ))Ω

= −nf

∑

F∈Fi
h

(RF ([[Eh]]T ),RF ([[φ]]T ))Ω

+ nf

∑

F∈Fb
h

(RF (g − [[Eh]]T ),RF ([[φ]]T ))Ω

= −nf

∑

F∈Fh

(RF ([[Eh]]T ),RF ([[φ]]T ))Ω + nf

∑

F∈Fb
h

(RF (g),RF ([[φ]]T ))Ω ,

 !"#" nf ,/ .!" '102"# %$ $&"/ %$ &' "+"0"'.)

=". 1/ ,'.#%(1" .!" 2,+,'"&# $%#0 Bbr
h : Σp

h × Σp
h → R &'( .!" +,'"&# $%#0

J br
h : Σp

h → R &/

Bbr
h (Eh,φ) = (∇h × Eh,∇h × φ)Ω − k2 (Eh,φ)Ω

−
∫

Fh

[[Eh]]T · {{∇h × φ}}dA −
∫

Fh

{{∇h × Eh}} · [[φ]]T dA

+
∑

F∈Fh

(ηF + nf ) (RF ([[E]]T ),RF ([[φ]]T ))Ω , 34):>7

&'(

J br
h (φ) = (J ,φ)Ω

−
∫

Fb
h

g · (∇h × φ) dA +
∑

F∈Fb
h

(ηF + nf ) (RF (g),RF (n × φ))Ω , 34):47



 ! "#$%&'( !) *%&+,$- %$($,'&'( '.&+,$&'. /0( .1,,'&(+ 34

 !"#!%&'!()* %+!, %+! -&" !%! ./ 01(2%&/, ./ %+! %&0!3+2 0/,& 4256!(( !712%&/,"

2, 8! 6 &%%!, 2" ./((/6"9 :&,- Eh ∈ Σp
h "1+ %+2% ./ 2(( φ ∈ Σp

h %+!  !(2%&/,

Bbr
h (Eh,φ) = J br

h (φ) ;<9=>?

&" "2%&"@!-9

A+! -&" !%! /1,%! #2 %" /. %+! !&B!,'2(1! # /8(!0 ;<9=? ./ %+! CD 2,- E !FF&

%)#! GH 0!%+/-" ,2%1 2(() ./((/6 . /0 ;<9=I? 2,- ;<9=>?* &9!9 @,- k2 ∈ R
+
0 "1+

%+2% ./ "/0! Eh ∈ Σp
h*  !"#!%&'!()* Bip

h (Eh,φ) = 0 2,- Bbr
h (Eh,φ) = 0 2 !

"2%&"@!- ./ 2(( φ ∈ Σp
h9

 ! "#$%&&( $)*)+,(,* )-. ,**/* ,0(&+)(,0

E/%+ %+! CD 2,- %+! E !FF& %)#! GH ./ 01(2%&/,"* B&'!,  !"#!%&'!() 8) ;<9=I?

2,- ;<9=>?* /,%2&, #2 20!%! " %+2% ,!!- %/ 8! "!% %/ !,"1 ! "%28&(&%)9 C, %+&"

"!%&/,* 6! # /'&-! !5#(&&% ./ 01(2%&/," ./ %+!"! #2 20!%! "9 :& "%* 6! # !"!,% 2,

21 2%! (/6! 8/1,- ./ %+! (&.%&,B /#! 2%/ RF /, %!% 2+!- 2( !(!0!,%"* !5%!,-&,B

%+! # //. &, JKL℄ ./ +!52+!- 29 N!5%* 6!  !2(( %+! "%2%!0!,%" &, J<K℄* 6+&+ 2 !

,!!""2 ) ./ %+! /,'! B!,! # //. 2,- O!!# % 2O /. 2(( /,"%2,% %! 0"9 P"&,B

%+!"!  !"1(%" 6! # /'&-! /#%&02( #!,2(%) #2 20!%! ./ 8/%+ %+! CD 2,- %+! E !FF&

%)#! GH 0!%+/-9 Q! 2("/ #/&,% /1% %+2% %+!"! /,-&%&/," 2 ! "1R&!,% ./ 2

"#1 &/1"3. !! /,'! B!,! ./ %+! 2""/&2%!- !&B!,'2(1! # /8(!0"* -&"1""!- &, JS<℄9

C, %+! /,"!1%&'! !"%&02%!" KL 2,- KR -!,/%! %+! 2-T2!,% !(!0!,%" %/ %+!

.2! F ∈ Fh 2,- 6! &,% /-1!

MF = max

{
S(F )

V (KL)
,

S(F )

V (KR)

}
,

6+! ! S 2,- V -!,/%! %+! "1 .2! 2,- '/(10!*  !"#!%&'!()9

 ! !" #$%&'( )$* +,- ./)+/&0 $1-*2+$*

5',,$ 67  !" #$ #"%&'"#"( )#+ FK !) K ∈ Th #$( v ∈ Σp
h ,#'&,-+, '.+ &$+/0#1&'(

2

3

p2

F 2(p)

S(FK)

V (K)
‖ [[v]]T ‖2

0,FK
≤ ‖RF ([[v]]T )‖2

K , ;<9=K?

2.+"+ F 2(p) = 8
∑p

i= p

2

1
2i+3 &) p &, +3+$ #$4 F 2(p) = 8p2

(p+1)2

∑p

i= p−1

2
+1

1
2i+3 &) p &,

!445

6"!!)7 A+! # //. &" -&'&-!- &,%/ %+ !! "%!#"9

8'+9 : ; <='+$,&!$ !9+"#'!" !$ '.+ "+)+"+$+ '+'"#.+4"!$5 Q! @ "% /,"&-! 2

 !.! !,! %!% 2+!- /, K̂ 6&%+ '! %&!" (1, 1, 1), (−1, 1, 1), (1,−1, 1), (1, 1,−1) 2,-

-!@,! 2, !5%!,"&/, /#! 2%/ /  !"#/,-&,B %/ %+! .2! F̂ /##/"&%! %/ (1, 1, 1)9 U!%
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∆s  !"#$! % $&'%"()! *'$+ ,!&$'!. (s, 1, 1), (1, s, 1), (1, 1, s)/ 0" %&1'$&%&2 3#'"$

(ξ, η, ζ) %" 1! &!3&!.!"$! %.

(ξ, η, ζ) = (1, s, 1) + u(0, 1 − s, s − 1) + v(s − 1, 1 − s, 0), 45/678

*+!&! 0 ≤ u, v, u + v ≤ 1 %" −1 ≤ s ≤ 19 +!"! F̂ = ∆−1/ :+! ;%#1'%" #< $+!

=%33'"( (ξ, η, ζ) → (u, v, s) '.




0 s − 1 v

1 − s 1 − s 1 − u − v
s − 1 0 u



 45/6>8

*'$+ $+!  !$!&='"%"$ (1− s)2 %" ?" !& $+'. $&%".<#&=%$'#" $+! <%! F̂ '. =%33! 

$# $+! <%! F̃ /

@! "#*  !A"! $+! !B$!".'#" #< $+! 3#)2"#='%) φ̃ : F̃ → R9 *+'+ '. (',!" '"

$!&=. #< $+! )#%) ##& '"%$!. (u, v)/ C#$! $+%$ $+! $&%".<#&=%$'#" (ξ, η, ζ) →
(u, v, s) '. )'"!%& <&#= F̂ $# F̃ %" $+!&!<#&!

∫

F̃

|φ̃|2 =
S(F̃ )

S(F̂ )

∫

F̂

|φ̂|2 =
1

4
√

3

∫

F̂

|φ̂|2. 45/6D8

E< $+! #& !& p #< $+! 3#)2"#='%) φ̃ '. !,!"9 $+! !B$!".'#" Ê(φ̃) '.  !A"! %.

Ê(φ̃)(u, v, s) =
2

p

p∑

j= p

2
+1

P
(0,2)
j (−s)φ̃(u, v), 45/FG8

*+!&! P
(0,2)
j  !"#$!. $+! j$+H#& !& ;%#1' 3#)2"#='%) #" (−1, 1) *'$+ $+! *!'(+$

<?"$'#" w(x) = (1 + x)2 %" P
(0,2)
j (1) = 1/ E$ '. %).# I"#*" $+%$

∫ 1

−1

(1 + x)2P
(0,2)
i (x)P

(0,2)
j (x) dx =

23 · Γ(j + 3)Γ(j + 1)

j! · (2j + 3)Γ(j + 3)
8 δij =

8 δij

2j + 3
.

:+! ' !"$'$2 '" 45/FG8 (',!. $+%$ Ê(φ̃)(u, v,−1) = φ̃(u, v)/ E" $!&=. #< ξ, η, ζ9 *!

+%,!9 ?.'"( 45/678 *'$+ φ̃(u, v) = φ̂(ξ, η) $+%$

Ê(φ̂)(ξ, η, ζ) = φ̂(ξ, η) %$ F̂ ,

+!"! Ê(φ̂) '. '" <%$ %" !B$!".'#" #< φ̂/ J.'"( 45/6>89 45/FG8 %" 45/6D89 *! +%,!

∫

K̂

|Ê(φ̂)(ξ, η, ζ)|2 =

∫ 1

−1

∫ 1

0

∫ 1−v

0

|Ê(φ̃)(u, v, s)|2(1 − s)2 du dv ds

=

∫ 1

−1

∫ 1

0

∫ 1−v

0

∣∣∣∣∣∣
2

p

p∑

i= p

2
+1

P
(0,2)
i (−s)φ̃(u, v)

∣∣∣∣∣∣

2

(1 − s)2 du dv ds 45/FK8
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=
4

p2

∫ 1

−1

p∑

i= p

2
+1

p∑

j= p

2
+1

P
(0,2)
i (−s)P

(0,2)
j (−s)(1 − s)2 ds

∫ 1

0

∫ 1−v

0

|φ̃(u, v)|2 du dv

=
4

p2

p∑

i= p

2
+1

8

2i + 3

∫

F̃

|φ̃|2 =
1

p2

p∑

i= p

2
+1

8√
3

1

2i + 3

∫

F̂

|φ̂|2.

 ! " #$!%&'( )$ *+'",- '.$ #$&"',*-

‖Ê(φ̂)‖0,K̂ =
1
4
√

3

1

p
F (p)‖φ̂‖0,F̂ , /01234

).$#$

F 2(p) = 8

p∑

i= p

2
+1

1

2i + 3
,5 p ,! $6$-. /01224

 -"&*7*%!&8( 5*# *99 p )$ 9$:-$ '.$ $;'$-!,*- "!

Ê(φ̃)(u, v, s) =
2

p + 1

p∑

i= p−1

2
+1

P
(0,2)
i (−s)φ̃(u, v)

"-9 '.$ !"<$ 9$#,6"',*- "! ,- /012=4 7,6$! '."'

‖Ê(φ̂)‖2
0,K̂

=
1√

3(p + 1)2

p∑

i= p−1

2
+1

8

2i + 3

∫

F̂

|φ̂|2 =
1√
3

F 2(p)

p2
‖φ̂‖2

0,F̂
, /01204

!%. '."' )$ ."6$

F 2(p) =
8p2

(p + 1)2

p∑

i= p−1

2
+1

1

2i + 3
,5 p ,! *99. /012?4

@*# *<A%',-7 '.$ -*#< *5 '.$ $;'$-!,*- *A$#"'*# Ê( +*'. 5*# *99 "-9 $6$- p( )$
%!$ '.$ $!',<"'$!

p∑

i= p

2
+1

1

2i + 3
≤

∫ p

p

2

1

2t + 3
dt =

1

2
ln

(
2p + 3

p + 3

)
≤ 1

2
ln 2

"-9
p∑

i= p−1

2
+1

1

2i + 3
≤

∫ p

p−1

2

1

2t + 3
dt =

1

2
ln

(
2p + 3

p + 2

)
≤ 1

2
ln 2

"-9 *+'",- '.$ !,<A&$ $!',<"'$

F 2(p) ≤ 4 ln 2. /012B4

C.$ $!',<"'$ ,- /012B4 ,! !."#A "! lim p → ∞1
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 !"# $ % &'!"()*+( +#",-!+, +( - ."(",-/ !"!,-0"1,+(2  !" #$ #"%&'"#"( ')'"#*)+"!$

K ,&'* # -#) FK ,) +)/$) '*) #0$) '"#$1-!"2#'&!$ TK : K̂ → K #1

TK(x̂) = JK x̂ + b, ,*)") b ∈ R
3, JK ∈ R

3×3 #$+ TK(F̂ ) = FK .

3*) )4')$1&!$ E !- # -5$'&!$ φ : FK → R &1 6&7)$ '*)$ #1 -!88!,19

 :) +)/$) '*) -5$'&!$ φ̂ : F̂ → R ,&'*

φ̂(x̂) := φ(TK x̂).

 :) )4')$+ φ̂ '! Ê(φ̂) 51&$6 '*) 2)'*!+ &$  !"# 3;

 3*) )4')$1&!$ '! K &1 6&7)$ %(

E(φ)(x) := Ê(φ̂)(T−1
K x).

<1 JK &1 8&$)#"= ,) #$ #>>8( # 1&2>8) *#$6) !- 7#"&#%8)1 x = TK(x̂) -!" !2>5'&$6
'*) &$')6"#8 !- #$( g ∈ L1(K)9

∫

K

g(x) = |+)' JK |
∫

K̂

ĝ(x̂) =
V (K)

V (K̂)

∫

K̂

ĝ(x̂). ?@;ABC

D&$) '*) ")1'"&'&!$ !- JK '! '*) -#) FK !- K ")2#&$1 #0$)= ,) #81! *#7)= #1 &$

?@;EFC= '*#' ∫

FK

g(x) =
S(FK)

S(F̂ )

∫

F̂

ĝ(x̂). ?@;AGC

H1&$6 ?@;ABC ,&'* '*) ")8#'&!$1 ?@;AEC= ?@;A@C #$+ ?@;AGC ,) !%'#&$

‖E(φ)‖2
0,K =

V (K)

V (K̂)
‖Ê(φ̂)‖2

0,K̂
=

V (K)

V (K̂)

1√
3

F 2(p)

p2
‖φ̂‖2

0,F̂

=
V (K)

V (K̂)

1√
3

S(F̂ )

S(FK)

F 2(p)

p2
‖φ‖2

0,FK
=

S(F̂ )

V (K̂)

V (K)

S(FK)

1√
3

F 2(p)

p2
‖φ‖2

0,FK
. ?@;AFC

I$ '*) ")-)")$) ')'"#*)+"!$ K̂ ,) )4')$+)+ φ̂ -"!2 '*) -#) F̂ ,&'* S(F̂ ) = 2
√

3
#$+ ,) *#7) V (K̂) = 4

3 = '*)")-!") ?@;AFC ")+5)1 '!

‖E(φ)‖2
0,K =

3

2

V (K)

S(FK)

F 2(p)

p2
‖φ‖2

0,FK
. ?@;@JC

 !"# 4 % 50" *("67-/*!8 9+, !0" :7;# !",;2 H1&$6 '*) )1'&2#') &$ ?@;@JC= '*)

+)/$&'&!$ !- RF &$ ?@;BC ,&'* '*) -#' '*#' E([[v]]T ) &1 !$'&$5!51 !$ ∂K ,) !%'#&$

‖ [[v]]T ‖2
0,FK

=

∫

F

[[v]]T · E([[v]]T ) =

∫

K

RF ([[v]]T ) · E([[v]]T )

≤ ‖RF ([[v]]T )‖0,K

(
3

2

V (K)

S(FK)

F 2(p)

p2

) 1

2

‖ [[v]]T ‖0,FK
,
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 !"! $"%&' (!& )&'"*&) "+&,-./"(01 ¤

 !"#$%& 2"+& K "' .+ .*3"(*.*0 &/&4&+( .)5.&+( (6 FK 7  & .+ *& *"(& (!&

&'("4.(& "+ 8&44. 9 .'

2

3
MF

p2

F 2(p)
‖ [[v]]T ‖2

0,F ≤ ‖RF [[v]]T ‖2
0,K . :;1;9<

=+ (!& >6//6 "+$ /&44.7  &  "// 4.?& -'& 6> (!& "+%&*'& (*.& "+&,-./"(0 6+ .+

.*3"(*.*0 >.& F 6> (!& &/&4&+( K

‖w‖2
0,F ≤ (p + 1)(p + 3)

3

S(F )

V (K)
‖w‖2

0,K :;1;@<

"+ Σp
h7  !"! "' A*6%&) "+ B!&6*&4 ; "+ CD@℄1

6'--$ 78 '($ !)!$* +#! F ∈ Fh #-. !)!$* v ∈ Σp
h /! 0#)! 10! 2-!34#521*

‖RF ([[v]]T )‖0 ≤
√

MF (p + 1)(p + 3)

6
‖ [[v]]T ‖0,F . :;1;F<

6$((+7 B!& )&G+"("6+ 6> (!& [L2(Ω)]3 +6*4 .+) (!& (*.& "+&,-./"(0 "+ :;1;@< $"%&

(!.( >6* .+ .*3"(*.*0 v ∈ Σp
h

‖RF ([[v]]T )‖0 = sup
w∈Σp

h

∫
Ω
RF ([[v]]T ) · w

‖w‖0
= sup

w∈Σp

h

∫
F

[[v]]T · {{w}}
‖w‖0

≤ sup
w∈Σp

h

‖ [[v]]T ‖0,F

(∫
F

(
w|

∂KL+w|
∂KR

2

)2
) 1

2

‖w‖0

≤ sup
w∈Σp

h

‖ [[v]]T ‖0,F

(
1
2 (‖w‖2

∂KL + ‖w‖2
∂KR)

) 1

2

‖w‖0

≤ sup
w∈Σp

h

√
MF

(p+1)(p+3)
3 ‖ [[v]]T ‖0,F

‖w‖0

·
(

1

2

(
V (KL)

S(F )

3

(p + 1)(p + 3)
‖w‖2

∂KL +
V (KR)

S(F )

3

(p + 1)(p + 3)
‖w‖2

∂KR

)) 1

2

≤ sup
w∈Σp

h

√
MF

(p+1)(p+3)
3 ‖ [[v]]T ‖0,F

(
1
2

(
‖w‖2

0,KL + ‖w‖2
0,KR

)) 1

2

‖w‖0

≤ sup
w∈Σp

h

√
MF

(p+1)(p+3)
6 ‖ [[v]]T ‖0,F ‖w‖0

‖w‖0
=

√
MF (p + 1)(p + 3)

6
‖ [[v]]T ‖0,F ,

.' '(.(&)1 ¤
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 ! !" #$%&'() '(*+,-.'/'*0 -(& 2(/'(,'/3 *0/'4-/*0

 ! "!#$% "& '()*$%# +,! -.(/$%# $%!0123$+& 4)( +,! "$3$%!2( 4)(5 )4 +,! 6(!77$ +&'!

8- 4)(5132+$)% 9:;<=>;

3,++) 4!  !"#" "$%&' )*&'+*'& {ηF,0}F∈Fh
, %*-"."*-"*' )/ '!" -%&#"'%&+'%)*

.+#+0"'"# h = maxK∈Th
/$25K +*- '!" 1+2" *304"# k, &3! '!+' /)# +55 v ∈ Σp

h

+*- +55 .+#+0"'"#& ηF ≥ ηF,0 1" !+2" '!" /)55)1%*6 %*"73+5%'8

Bbr
h (v,v) ≥ β2‖v‖2

DG − (k2 + β2)‖v‖2
0. 9:;::>

9#))/: ?,! ($#,+ ,2%/ @$/! )4 9:;::> 2% "! (!B($++!% 2@

β2(‖∇h × v‖2
0 + ‖ − 1

2 [[v]]T ‖2
0,Fh

) − k2‖v‖2
0.

?,!(!4)(!C 1@$%# 9:;<D> $+ $@ @1E$!%+ +) '()*! +,2+

‖∇h × v‖2
0 − 2

∫

Fh

[[v]]T · {{∇h × v}} dA +
∑

F∈Fh

(nf + ηF )‖RF ([[v]]T )‖2
0

≥ β2(‖∇h × v‖2
0 + ‖ − 1

2 [[v]]T ‖2
0,Fh

). 9:;:=>

?,! @!)%/ +!(5 )% +,! 3!4+ ,2%/ @$/! 2% "! !@+$52+!/ B$+, 2%& ')@$+$*! CKL 2%/

CKR 2@C

2

∫

Fh

[[v]]T · {{∇h × v}} dA

=
∑

F∈Fh

∫

F

2√
1 − β2

h
− 1

2

F C−1
KL [[v]]T · CKL

√
1 − β2

2
h

1

2

F∇h × v
L|F

+
2√

1 − β2
h
− 1

2

F C−1
KR [[v]]T · CKR

√
1 − β2

2
h

1

2

F∇h × v
R|F dA

≤ 1

1 − β2

∑

F∈Fh

h−1
F C−2

KL‖ [[v]]T ‖2
0,F +

1 − β2

4

∑

F∈Fh

hF C2
KL‖∇h × v

L‖2
0,F

+
1

1 − β2

∑

F∈Fh

h−1
F C−2

KR‖ [[v]]T ‖2
0,F +

1 − β2

4

∑

F∈Fh

hF C2
KR‖∇h × v

R‖2
0,F .

9:;:F>

G''3&$%# 9:;:<> +) +,! 1(3 +!(5@ )% +,! ($#,+H,2%/ @$/! )4 9:;:F>C B! )"+2$%

1 − β2

4
hF C2

KL‖∇h × v
L‖2

0,F

≤ 1 − β2

4
hF C2

KL

(p + 1)(p + 3)

3

S(F )

V (KL)
‖∇h × v

L‖2
0,KL , 9:;:I>

2%/ $% +,! @25! B2&
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1 − β2

4
hF C2

KR‖∇h × v
R‖2

0,F

≤ 1 − β2

4
hF C2

KR

(p + 1)(p + 3)

3

S(F )

V (KR)
‖∇h × v

R‖2
0,KR .  !"!#$

%&' ()* +,-. (*'-/0 ,/123  !"45$0 6* &7(812

C−2
KLh−1

F ‖ [[v]]T ‖2
0,F ≤ C−2

KLh−1
F

3

2

V (KL)

S(F )

F 2(p)

p2
‖RF ([[v]]T )‖2

0,  !"!9$

82: 12 ()* /8-* 68;

C−2
KRh−1

F ‖ [[v]]T ‖2
0,F ≤ C−2

KRh−1
F

3

2

V (KR)

S(F )

F 2(p)

p2
‖RF ([[v]]T )‖2

0.  !"<=$

>)&&/123

CKL =

√
3 · V (KL)

hF (p + 1)(p + 3) · S(F )
82: CKR =

√
3 · V (KR)

hF (p + 1)(p + 3) · S(F )

'*/.*(1@*A;0 82: /,--8(1&2 &B ()* 12*C,8A1(1*/ 12  !"!D$ 82:  !"!#$  B&' 8AA &B ()*

B&,' B8*/ &B 8AA (*('8)*:'8$ 31@*/ ()8(

1 − β2

4

∑

F∈Fh

hF C2
KL‖∇h × v

L‖2
0,F +

1 − β2

4

∑

F∈Fh

hF C2
KR‖∇h × v

R‖2
0,F

≤ (1 − β2)‖∇h × v‖2
0  !"<E$

82: /1-1A8'A;0 /,--8(1&2 &B  !"!9$ 82:  !"<=$ 31@*/ ()8(

1

1 − β2

∑

F∈Fh

C−2
KLh−1

F ‖ [[v]]T ‖2
0,F +

1

1 − β2

∑

F∈Fh

C−2
KRh−1

F ‖ [[v]]T ‖2
0,F

≤ 1

1 − β2

F 2(p)(p + 1)(p + 3)

p2
‖R([[v]]T )‖2

0.  !"<4$

F/123 */(1-8(*/  !"<E$ 82:  !"<4$ 12  !"!5$ 6* &7(812 ()8(

2

∫

Fh

[[v]]T · {{∇h × v}} dA

≤ 1

1 − β2

F 2(p)(p + 1)(p + 3)

p2
‖R([[v]]T )‖2

0 + (1 − β2)‖∇h × v‖2
0.

 !"<G$

H)*'*B&'*0 ,/123 8A/&  !"!E$ 6* 82 */(1-8(* ()* A*B( )82: /1:* &B  !"!<$ 8/

‖∇h × v‖2
0 − 2

∫

Fh

[[v]]T · {{∇h × v}} dA +
∑

F∈Fh

(nf + ηF )‖RF ([[v]]T )‖2
0
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≥ β2‖∇h × v‖2
0 +

∑

F∈Fh

(
nf + ηF − 1

1 − β2

F 2(p)(p + 1)(p + 3)

p2

)
‖RF ([[v]]T )‖2

0

≥ β2‖∇h × v‖2
0 +

∑

F∈Fh

hF

(
nf + ηF − 1

1 − β2

F 2(p)(p + 1)(p + 3)

p2

)

· p2

F 2(p)

2

3
MF h−1

F ‖ [[v]]T ‖2
0.  !"#!$

%&'(')*('+ ,' &-.' /* &**1' ηF 12& /&-/

hF MF ·
(

nf + ηF − 1

1 − β2

F 2(p)(p + 1)(p + 3)

p2

)
2

3

p2

F 2(p)
≥ β2  !"##$

-34 ,5/& /&51  !"!#$ 51 1-/516'4" ¤

3,+)*405

7" 85.'3 /&-/ nf = 4 )*( /'/(-&'4(- ,' -3 9-:' /&' *345/5*3 )*( ηF ';<=55/+

ηF,0 =
F 2(p)

p2

(
3β2

2hF MF
+

(p + 1)(p + 3)

1 − β2

)
− 4.  !"#>$

?" %&' *'(5.5/@ *31/-3/ β 51+ &*,'.'(+ 1/5== 234'63'4" A153B /&' - <(5*(5 '((*(

-3-=@151+ ,&5& ,5== C' 451211'4 53 /&' 3';/ 1'/5*3+ ,' -3 634 -3 *</59-=

.-=2' )*( ηF,0"

D" E 1/(-5B&/)*(,-(4 '1/59-/5*3 B5.'1 /&-/
F 2(p)(p+1)(p+3)

p2 ≥ 1+ ,&5& /*B'/&'(

,5/&  !"##$ B5.'1 /&-/

nf + ηF ≥ 1 5) 0 ≤ β2 < 1.  !"#F$

GC1'(.' /&-/ )*( -3 -(C5/(-(@ K ,' &-.' 45-9 K = hF ≥ mF + ,&'(' F 51 -

)-' *) K -34 mF 51 /&' &'5B&/ *(('1<*3453B /* F " H'3'+

S(F )hF ≥ S(F )mF = 3V (K)

-34 /&'(')*('+

max
F∈Fh

hF MF ≥ max
F∈Fh

hF max

{
S(F )

V (KL)
,

S(F )

V (KR)

}
≥ 3.  !"#I$

A153B /&' 9'/&*4 53 J'99- D ,' -3 -=1* *C/-53 - C*234 )*( /&' <'3-=/@ <-K

(-9'/'( 53 /&' 53/'(5*( <'3-=/@  LM$ 9'/&*4  !"7I$ 12& /&-/ /&' 8N(453B 53'O2-=5/@

51 .-=54"

6,++)  !  !"#" "$%&' )*&'+*'&  F,0, %*-"."*-"*' )/ '!" -%&#"'%&+'%)* .+#+0"'"#

h = maxK∈Th
45-9 K +*- '!" 1+2" *304"# k, &3! '!+' /)# +55 v ∈ Σp

h +*- +55

.+#+0"'"#&  F ≥  F,0 1" !+2" '!" /)55)1%*6 %*"73+5%'8

Bip
h (v,v) ≥ β2‖v‖2

DG − (k2 + β2)‖v‖2
0.  !"#P$
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 !""#$  "#$%&' (" ()* +#"", ", -*../ 0 %( %1 123%*&( (" +#"4* ()/(

‖∇h × v‖2
0 − 2

∫

Fh

[[v]]T · {{∇h × v}} dA +
∑

F∈Fh

 F ‖ [[v]]T ‖2
0,F

≥ β2(‖∇h × v‖2
0 + ‖!− 1

2 [[v]]T ‖2
0,Fh

). 56789:

;%() ()* 1/.* )"%* ", "*3%*&(1 CKL /&$ CKR /1 %& -*../ 0< =* ">(/%& ()*

%&*?2/@%(A

2

∫

Fh

[[v]]T · {{∇h × v}} dA

≤ 1

1 − β2

∑

F∈Fh

C−2
KLh−1

F ‖ [[v]]T ‖2
0,F +

1

1 − β2

∑

F∈Fh

C−2
KRh−1

F ‖ [[v]]T ‖2
0,F

≤ 1

1 − β2

(p + 1)(p + 3)

3

(
S(F )

V (KL)
+

S(F )

V (KR)

)
‖ [[v]]T ‖2

Fh,0.

B2>1(%(2(%&' 56768: %&(" ()* #%')(C)/&$ 1%$* /&$ 21%&' /@1" 567DE:< ()* @*,( )/&$ 1%$*

", 56789: %1 *1(%./(*$ /1

‖∇h × v‖2
0 − 2

∫

Fh

[[v]]T · {{∇h × v}} dA +
∑

F∈Fh

 F ‖ [[v]]T ‖2
0

≥ β2‖∇h × v‖2
0 5678E:

+
∑

F∈Fh

hF

(
 F − 1

1 − β2

(p + 1)(p + 3)

3

(
S(F )

V (KL)
+

S(F )

V (KR)

))
h−1

F ‖ [[v]]T ‖2
Fh,0.

;* )/4* (" )""1* ()*& ()* +/#/.*(*#  F "& ()* ,/* F 12) ()/(

hF

(
 F − 1

1 − β2

1

3
(p + 1)(p + 3)

(
S(F )

V (KL)
+

S(F )

V (KR)

))
≥ β2,

=)%) '%4*1 ()* *F+@%%( >"2&$

 F,0 ≥ β2

hF
+

1

1 − β2

1

3
(p + 1)(p + 3)

(
S(F )

V (KL)
+

S(F )

V (KR)

)
. 5678G:

H)%1 +#"4*1 ()* @*../7 ¤

I& ()* *##"# /&/@A1%1 "&* )/1 (" "&1%$*# 51** J68℄: ()* *F(*&$*$ 5,7 567G0::

>%@%&*/# ,"#.

Bbr : (H0(2#@,Ω) + Σp
h) × (H0(2#@,Ω) + Σp

h) → R,

=)%) %1 '%4*& /1

Bbr(u,v) = (∇h × u,∇h × v)Ω − k2(u,v)Ω −
∑

F∈Fh

(RF ([[u]]T ),∇h × v)Ω
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− (RF ([[v]]T ),∇h × u)Ω +
∑

F∈Fh

(nf + ηF )(RF ([[u]]T ),RF ([[v]]T ))Ω

 !" #$% &'!% ( )*(+ Jh : H0(-(&,Ω) + Σp
h → R. "%/!%"  0

Jh(v) = (J,v)Ω

1$%! 2%(* 3*-!" (4 *!"'#'*!0  (% *!0'"%(%"5 6! )*&&*1'!7 #1* &%++ 0 1% -0%

#$% !*# #'*!

M = max
F∈Fh

√
hF MF

(p + 1)(p + 3)

6
.

80'!7 9:5;<= )*( p ≥ 1 1% $ >% #$ # M ≥ 25
80'!7 #$% '!>%(0% #( % '!%?- &'#4 9:5:@= 1%  &0* $ >% #$ #

‖∇h × u
L‖2

0,F ≤ (p + 1)(p + 3)

3

S(F )

V (KL)
‖∇h × u‖2

0,KL

≤ h−1
F max

F∈Fh

MF hF
(p + 1)(p + 3)

3
‖∇h × u‖2

0,KL

≤ 2h−1
F M2‖∇h × u‖2

0,KL 9:5AB=

 !"  0'+'& ( %0#'+ #% $*&"0 )*( #$% !%'7$3*('!7 %&%+%!# KR5

3,++) 4!  !" #$%$&"'( )*(+ Bbr $, *&.$&/*/, *& (H0(-(&,Ω) + Σp
h) ×

(H0(-(&,Ω) + Σp
h) 0$.! (",1". .* .!" 23 &*(+4 $5"5 .!" )*%%*0$&6 $&"7/'%$.8 !*%9,

)*( '%% u = u0 + uh '&9 v = v0 + vh 0$.! u0,v0 ∈ H0(-(&,Ω) '&9 uh,vh ∈ Σp
h:

Bbr(u,v) ≤ C‖u‖DG‖v‖DG, 9:5A:=

0!"("

C = max
F∈Fh

{
k2,

5

4
M2 (nf + ηF )

}
.

;(**)5 80'!7 #$% #(' !7&% '!%?- &'#4. C%++ @. #$% (%0-&# *) #$% %'7%!> &-% D(*3&%+

"'0-00%" '! #$% EDD%!"'F. #$% %0#'+ #% M ≥ 2  !" 9:5;G= 1% *3# '! #$ #

Bbr(u,v) ≤ |(∇h × u,∇h × v)Ω| + k2|(u,v)Ω| +
∑

F∈Fh

|(RF ([[u]]T ),∇h × v)Ω|

+ |(RF ([[v]]T ),∇h × u)Ω| + |
∑

F∈Fh

(nf + ηF )(RF ([[u]]T ),RF ([[v]]T ))Ω|

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0 +
∑

F∈Fh

‖RF ([[u]]T )‖0‖∇h × v‖0

+
∑

F∈Fh

‖RF ([[v]]T )‖0‖∇h × u‖0 + |
∑

F∈Fh

(nf + ηF )‖RF ([[u]]T )‖0‖RF ([[v]]T )‖0

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0
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+ M‖ −
1

2

F [[u]]T ‖0,Fh
‖∇h × v‖0 + M‖ −

1

2

F [[v]]T ‖0,Fh
‖∇h × u‖0

+ M2‖ −
1

2

F [[u]]T ‖0,Fh
‖ −

1

2

F [[v]]T ‖0,Fh
max

F
(nf + ηF )

≤ max
F∈Fh

{
k2, 1 + M2 (nf + ηF )

}
‖u‖ !‖v‖ !

≤ max
F∈Fh

{
k2,

5

4
M2 (nf + ηF )

}
‖u‖ !‖v‖ !,

 !"!  $% %&$&'( ") &!' *'++$, ¤

-!' ./01&! ")'20$*"&3 ") &!' 41'5"/0% *'++$ "% /6&$")'( 63 %/*5")7 $ %"+4*'

'"7')5$*0' 41/6*'+8 1'*'7$&'( &/ &!' 944')(": ./1 &!' %$;' /. 1'$($6"*"&3,

9 %"+"*$1 1'%0*& $) 6' 41/5'( ./1 &!' <= +'&!/(, <) &!' $)$*3%"% /. &!' <=

+'&!/( /)' 0%'% 0%' ':&')%"/) /. &!' ("%1'&"%$&"/) /4'1$&/1 &/ (H0(01*,Ω) +
Σp

h) × (H0(01*,Ω) + Σp
h) → R8 %'' >?@℄, B/1 &!"% &!' ./**/ ")7 '%&"+$&' "% 5$*"(,

5',,$ 67  !" #$%$&"'( )*(+ Bip $, *&.$&/*/, *& (H0(01*,Ω) + Σp
h) ×

(H0(01*,Ω) + Σp
h) 0$.! (",1". .* .!" 23 &*(+4 $5"5 .!" )*%%*0$&6 $&"7/'%$.8 !*%9,

)*( '%% u = u0 + uh '&9 v = v0 + vh 0$.! u0,v0 ∈ H0(01*,Ω) '&9 uh,vh ∈ Σp
h:

Bip(u,v) ≤ C‖u‖DG‖v‖DG,

0!"("

C = max
F∈Fh

{
k2, hF aF +

3

2
M

}
. C?,@DE

;(**)5 F%")7 &!' &1"$)7*' ")'20$*"&3 $)( C?,@GE8  ' /6&$") &!$&

Bip(u,v) ≤
≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0

+
∑

F∈Fh

‖ [[u]]T ‖0,F ‖
1

2
(∇h × v

L + ∇h × v
R)‖0,F

+
∑

F∈Fh

‖ [[v]]T ‖0,F ‖
1

2
(∇h × u

L + ∇h × u
R)‖0,F +

∑

F∈Fh

!F ‖ [[u]]T ‖0,F ‖ [[v]]T ‖0,F

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0

+ ‖ − 1

2 [[u]]T ‖0,Fh

(
∑

F∈Fh

hF ‖
1

2
(∇h × u

L + ∇h × u
R)‖2

0,F

) 1

2

+ ‖ − 1

2 [[v]]T ‖0,Fh

(
∑

F∈Fh

hF ‖
1

2
(∇h × v

L + ∇h × v
R)‖2

0,F

) 1

2

+
∑

F∈Fh

hF!F · h− 1

2

F ‖ [[u]]T ‖0,F · h− 1

2

F ‖ [[v]]T ‖0,F

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0
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+ ‖ − 1

2 [[u]]T ‖0,Fh

(
∑

F∈Fh

hF

2
‖∇h × u

L‖2
0,F +

hF

2
‖∇h × u

R‖2
0,F

) 1

2

+ ‖ − 1

2 [[v]]T ‖0,Fh

(
∑

F∈Fh

hF

2
‖∇h × v

L‖2
0,F +

hF

2
‖∇h × v

R‖2
0,F

) 1

2

+
∑

F∈Fh

hF!F · h− 1

2

F ‖ [[u]]T ‖0,F · h− 1

2

F ‖ [[v]]T ‖0,F

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0

+ ‖ − 1

2 [[u]]T ‖0,Fh

(
∑

F∈Fh

M2‖∇h × u‖2
0,KL + M2‖∇h × u‖2

0,KR

) 1

2

+ ‖ − 1

2 [[v]]T ‖0,Fh

(
∑

F∈Fh

M2‖∇h × v‖2
0,KL + M2‖∇h × v‖2

0,KR

) 1

2

+ max
F∈Fh

hF!F

∑

F∈Fh

h
− 1

2

F ‖ [[u]]T ‖0,F · h− 1

2

F ‖ [[v]]T ‖0,F

≤ ‖∇h × u‖0‖∇h × v‖0 + k2‖u‖0‖v‖0 + 2M‖ − 1

2 [[u]]T ‖0,Fh
‖∇h × u‖0

+ 2M‖ − 1

2 [[v]]T ‖0,Fh
‖∇h × v‖0 + max

F∈Fh

hF!F ‖ −
1

2 [[u]]T ‖0,Fh
‖ − 1

2 [[v]]T ‖0,Fh

≤ max
F∈Fh

{
k2, hFaF +

3

2
M

}
‖u‖ !‖v‖ !.

 ! !" "#$ %& "'# (#)) * ¤

+'# ,#&-("%) "# %&#.- (%"/ %!0  1 %&0 "'# 3&!#.-#&# 34 "'#  !%),(# #%1#&5 (-#

,637(#) 8 !## "'# 9,,#&$%: 8  &$ "'# #!"%) "# maxF∈F hFaF ≥ 10 ;'%'  & 7#

,635#$ -!%&1 <=*>?@ ;%"' M ≥ 2*
A!# &3; "'# BC6$%&1 %&#.- (%"/  &$ "'# 73-&$#$&#!! 34 Bbr(u,v) "3 37" %& "'#

43((3;%&1 #:,6#!!%3& 436 "'# #66360

β2‖E − Eh‖2
DG ≤ Bbr

h (E − Eh,E − Eh) +
(
k2 + β2

)
‖E − Eh‖2

0,Ω

= Bbr
h (E − Eh,E − v) +

(
k2 + β2

)
‖E − E

2
h‖2

0,Ω <=*>>@

≤ max
F∈Fh

{
k2,

5

4
M2 (nf + ηF )

}
· ‖E − Eh‖DG‖E − v‖DG

+ (k2 + β2)‖E − Eh‖2
0,Ω,

;'#6# %& "'# !#3&$ (%&# "'# 36"'313& (%"/ 6#( "%3& ;%"' v ∈ Σp
h ; ! -!#$* D63)

"'%! ;#  &  66%5#  " "'# #!"%) "#

‖E − Eh‖2
DG ≤ 1

β2
max
F∈Fh

{
k2,

5

4
M2 (nf + ηF )

}
inf

v∈Σp

h

‖E − v‖2
DG

+
k2 + β2

β2
‖E − Eh‖2

0,Ω. <=*>E@
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 !"# "$%" "$# !#'(#)"

MF hF = max

{
S(F )

V (KL)
,

S(F )

V (KR)

}
hF = O(1),

*! "$# #++!+ ,#-#),* !) k2. "$# -!/0)!1(%/ !+,#+ p %), "$# ()"#+-!/%"(!) #++!+.
2$($ () "3+) ,#-#),* !) h %), p4 5) %,,("(!). "$# !#+(6("0 !)*"%)" β -/%0* %)
(1-!+"%)" -%+" "!! %), ("* 6%/3# (* +#/%"#, "! "$# -#)%/"0 -%+%1#"#+4

 ! !" #$%&'() *()+, -./ %0, $,1()%2 $(/(',%,/3

7$# -#)%/"0 -%+%1#"#+ ηF () "$# 8+#99( :; <!+13/%"(!) =>4?@A %), "$# !#+(6("0

!)*"%)" β () "$# ;B+,()C ()#D3%/("0 %+# +#/%"#, E0 =>4@@A "$+!3C$

ηF ≥ 3F 2(p)

2p2hF MF
β2 +

1

1 − β2

(p + 1)(p + 3)

p2
F 2(p) − nf , =>4FGA

2$(/# %!+,()C "! =>4FHA !-"(1%/ %3+%0 +#D3(+#* % 1()(1%/ !#'(#)"

1

β2
max
F∈Fh

{
k2,

5

4
M2 (nf + ηF )

}
. =>4FIA

7%J# )!2 "$# 1()(131 6%/3# <!+ ηF () =>4FGA %), 3*# "$(* () =>4FIA4 K!+ %) !-"(1%/

*"%E(/(*%"(!). $#)# 2("$ % 1()(1%/ #L#" !) %3+%0 %), #'(#)0. 2# )##, "!

1()(1(*# "$# *#!), "#+1 () =>4FIA. (4#4 "$# <!//!2()C D3%)"("0M

(nf + ηF )
(p + 1)(p + 3)

6β2
MF hF =

(
3F 2(p)

2p2hF MF
β2 +

1

1 − β2

(p + 1)(p + 3)

p2
F 2(p)

)
· (p + 1)(p + 3)

6β2
MF hF .

K!+ "$(* 2# %) /#%6# %// !)*"%)"* %), N), β "$%" 1()(1(*#* "$# <!//!2()C

1

β2(1 − β2)

(p + 1)(p + 3)F 2(p)

p2
.

O) #/#1#)"%+0 %/3/%"(!) C(6#* "$%" β2 = 1
2 *3$ "$%" 3*()C =>4@FA 2# !E"%() "$#

!-"(1%/ 6%/3# !< ηF () Bbr
h .

ηF,0 =
F 2(p)

p2

(
3

4hF MF
+ 2(p + 1)(p + 3)

)
− 4. =>4HPA

O)%/!C!3*/0 "! "$# %)%/0*(* <!+ ηF 2# %) N), %) !-"(1%/ 6%/3# !<  F 3*()C "$#

+#/%"(!)* =<4 =>4F?AA

 F ≥ β2

hF
+

1

1 − β2

1

3
(p + 1)(p + 3)

(
S(F )

V (KL)
+

S(F )

V (KR)

)
=>4HQA
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 !" #$!$#$%& hF  F

β2 $! '()*+, -$./  !  001201$ .& β) 3%$!4 '()56, -& 27. $!

1

2hF
+

1

β2(1 − β2)

1

3
(p + 1)(p + 3)

(
S(F )

V (KL)
+

S(F )

V (KR)

)

 !"  4 $!8 -& / 9&  #$!$# : 9 :;&  . β2 = 1
2 ) </& 20.$# : 9 :;& 2=  F $% ./;%

 F,0 =
1

2hF
+

2

3
(p + 1)(p + 3)

(
S(F )

V (KL)
+

S(F )

V (KR)

)
. '()5>,

?2.&  ! $!.&1&%.$!4 "$@&1&!& 7&.-&&! ./&  0012B$# .$2!% ;%$!4 Bip  !" Bbr $% ./ .

 F $! ./& CDEFG #&./2" !&&"% .2 7& $!1& %&" H; "1 .$ ::I -$./ ./& 02:I!2#$ :

21"&18 -/&1& % $! ./& FG #&./2" 2= ./& J1&KK$ .I0& =21#;: .$2!

lim
p→∞

ηF = 8 ln 2 − 4.

 ! ! "#$%&'(&$& #* +,& -'&../ +01& 23 4&+,#5

3%$!4 L&## M  !" L&## + 2!&  ! %&& ./ . -$./ 279$2;% #2"$N .$2!% ./&

 ! :I%$% $! O(*℄  ! 7&  11$&" 2;. =21 ./& J1&KK$ .I0& 7$:$!& 1 =21#  !"  21"$!4:I8

-& 27. $! ./& =2::2-$!4Q

34,/*,+ 5!  !!"#$ %&'% ηF !'%(!)$! %&$ +,-(%(+, (, .$##' / ',- 0+1 !+#$

2'1'#$%$1 s > 1
2 %&$ $3'% !+4"%(+, +0 '()6, !'%(!)$!

E ∈ Hs(Ω) and ∇× E ∈ Hs(Ω).

5&$, "!(,6 ' 0"44 2+47,+#('4 ),(%$ $4$#$,% !2'$ +0 +1-$1 p 8(%& ' #$!& !(9$ h
!":($,%47 !#'44; 8$ &'<$ %&$ 0+44+8(,6 $11+1 =+",-

‖E − Eh‖ ! ≤ β−2k2Chmin{p,s} (‖E‖s,0 + ‖∇ × E‖s,0) , '()5M,

8&$1$ %&$ +,!%',% C -+$! ,+% -$2$,- +, h ',- k> ¤

6,+)*708

6) </& k  !" β "&0&!"&!& 2= ./& 2!%. !.%  ! 7& 27. $!&" $! ./& % #& - I

 % $! D1202%$.$2! +)6 $! O(*℄)

>) </& 2!%. !. C $! '()5M, "&0&!"% 2! ./& 2&R$&!.% $! $!.&102: .$2! &%.$E

# .&%8 -/$/  !  4 $! "&0&!" 2! ./& 4&2#&.1I 2= ./& #&%/  !" ./& 02:IE

!2#$ : 21"&1 2= ./& N!$.& &:&#&!.%)

</& 1&%;:.% $! O(*℄ / 9& 7&&! &B.&!"&" $! O6(℄8 -/&1&  4&!&1 : =1 #&-21S $% : $"

"2-! .2 $!9&%.$4 .& ./&  %I#0.2.$ %0&.1 : 211&.!&%% 2=  !I FG "$%1&.$% .$2! 2=

'()>,) T:%28 $=  FG "$%1&.$% .$2! 2= '()>, $% %0&.1 ::I 211&. '$)&) =1&& 2= %0;1$2;%

#2"&%,8 ./&! ./& &B$%.&!&  !" ;!$H;&!&%% 2= ./& %2:;.$2! =21 ./& $!"&N!$.& 0127:&#

'()6, $% 4; 1 !.&&") C! 21"&1 0129&  %I#0.2.$ %0&.1 : 211&.!&%%8 2!& 2!:I !&&"%

.2 /&S  %&. 2= 2!"$.$2!%) </&%& -&1& 0129&" =21 ./& %I##&.1$ CDEFG #&./2" $!

O6(℄ 2! .&.1 /&"1 : #&%/&%  !" ./& 1&%;:.% .1$9$ ::I &B.&!" .2 %2#& 2./&1 %I##&.1$

FG "$%1&.$% .$2!%8 $!:;"$!4 ./& J1&KK$ .I0& 2!%$"&1&" $! ./$% / 0.&1)
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 !" #$%&'(*+ &,-&'(%&./0

 !" #$%"&')* "+)%,*"- '# .!'- -".'/# -"&0" .1/ ,$&,/-"-2 3'&-.4 .!"5 '#."#6 ./

-!/1 !/1 -!)&, .!" ,)&)%"."& "-.'%)."- )&" '# .!" ,&"0'/$- -".'/#2 7" 1'** -""

!/1 .!" L28"&&/& )#6 .!" #$%9"& /: '."&).'/#- ;'2"2 /%,$.).'/#)* 1/&<= !)#>"- )-

) :$#.'/# /: .!" ,"#)*.5 ,)&)%"."& :/& 9/.! .!" ?@8AB %".!/6 )#6 .!" %".!/6

/: C&"DD' ". )*2 EFG℄2 I"/#64 1" ,&/0'6" )-5%,./.' /#0"&>"#" ."-.- :/& 9/.!

%".!/6-2 J*.!/$>! 1" !)0" *'..*" ./ )66 ./ .!" .!"/&".')* &"-$*.- '# EKL4 FK℄4 /$&

.!&""86'%"#-'/#)* /%,$.).'/#- /%,*"%"#. .!/-" &"-$*.- )- .!"5 !)0" -/ :)& 9""#

/#*5 0"&'M"6 /# .1/86'%"#-'/#)* %"-!"- EFN4 FO℄2

J- ) ."-. "+)%,*"4 1" /#-'6"& .!" P)+1"** "Q$).'/#- ;K2F= 1'.! k2 = 1 '# .!"

6/%)'# Ω = (0, 1)
3
)#6 )--$%" .!" 9/$#6)&5 ./ 9" ) ,"&:". "*".&' /#6$./&

;@RS=4 '2"2 g = 0 '# ;K2F=2  !" -/$&" ."&% '- >'0"# )-

J(x, y, z) =
(
2π2 − 1

)



sin(πy) sin(πz)
sin(πz) sin(πx)
sin(πx) sin(πy)



 , ;K2TK=

-/ 1" !)0" .!" "+). -/*$.'/#

E(x, y, z) =




sin(πy) sin(πz)
sin(πz) sin(πx)
sin(πx) sin(πy)



 . ;K2TO=

3/& )** /%,$.).'/#-4 ) !'"&)&!' /#-.&$.'/# /:H(curl)8/#:/&%'#> 0"./&80)*$"6
9)-'- :$#.'/#- '- $-"6 EG4 TK℄2  !" M&-. -'+ /: .!" 9)-'- :$#.'/#- /#-.'.$." .!" M&-.8

/&6"& M&-.8:)%'*5 /: UV6V*" "*"%"#.- EOW℄2  !" M&-. .1"*0" /: .!" 9)-'- :$#.'/#-

$-"6 !"&" )&" #/. .!" -)%" )- .!/-" .!). :/&% .!" M&-.8/&6"& -"/#68:)%'*5 /:

UV6V*" "*"%"#.-2 X/1"0"&4 .!"5 -,)# "+).*5 .!" -)%" -,)" )#6 !)0" .!" -)%"

),,&/+'%).'/# ,&/,"&.'"- )- .!/-"4 6"M#"6 '# EOY℄2

J** #$%"&')* /%,$.).'/#- !)0" 9""# )&&'"6 /$. '# .!" :&)%"1/&< /: hpBRP
ELG℄4 ) -/:.1)&" "#0'&/#%"#. :/& AB 6'-&".'-).'/#- -$'.)9*" :/& ) 0)&'".5 /: ,!5-')*

,&/9*"%-2  / -/*0" .!" *'#")& -5-."% .!). &"-$*.- :&/% .!" AB 6'-&".'-).'/#-4

1" $-" @R I EO℄ )#6 /,. :/&  !"#$% )- ) -$'.)9*" *'#")& -/*0"& 1'.! '#/%,*"."

S!/*"-<5 :)./&'-).'/# ;?SS= )- ,&"/#6'.'/#"&-2

 !"!# $%&'()*++ ,- .%* (&'&/*.*' *+.0/&.*+

?# .!'- "+)%,*"4 1" 6"%/#-.&)." .!" -!)&,#"-- /: .!" "-.'%)."- ;K2TZ= )#6 ;K2TG=2

J &)#>" /: 6'["&"#. 0)*$"- /: ηF )#6 &F )&" $-"6 /# .1/ 6'["&"#. %"-!"-2 \#" '-

) -.&$.$&"6 %"-! /: NGZ .".&)!"6&) )#6 .!" /.!"& '- )# $#-.&$.$&"6 %"-! /: KNG

.".&)!"6&)2 J ./*"&)#" /: '() = 10−8 '- $-"6 '#  !"#$%4 9$. .!" *'#")& -/*0"& '-

-./,,"6 ):."& 105 '."&).'/#- "0"# ': .!). ./*"&)#" '- #/. )!'"0"62  ! "#$! $%&$ '(( )* "#$+ )" ,!"!-&.+ ,/&-&"$!!0 $# 1#-2 3#- $%! 0)*-!$)*&$)#"* #"*)0!-!0%!-! *)"! $%! .)"!&- *5*$!6 )* )"0!7")$! &"0 (%#.!*25 3&$#-)*&$)#" -!8/)-!* & 9#*)$):! 0!7")$!6&$-);< =#1!:!-+ )$ )* */!**3/. )" $%! 3#..#1)", !;&69.!* 9-!)*!.5 >!&/*! $%! 3&$#-)*&$)#" )*"#1 )"#69.!$!<
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 !" #$% &' (%#$!) *+,-. #$% /"%00, 1!"(*23#,!-4 5% +$!5 #$% "%+*2#+ !- #$%

+#"*#*"%) (%+$ ,-  ,.*"% 789 3-) !- #$% *-+#"*#*"%) (%+$ ,-  ,.*"% 78:8  !"

#$% ;<=&' (%#$!)4  ,.*"% 78> )%?,#+ #$% "%+*2#+ !- #$% +#"*#*"%) (%+$ 3-)  ,.=

*"% 787 1!" #$% *-+#"*#*"%) !-%8 @$% ",#,32 ?3"3(%#%" A32*% ,+ 2%3"2B A,+,C2% ,-

#$% ?2!#+ 1!" C!#$ (%#$!)+D #$,+ ,+ #$% ?!,-# 5$%"% #$% %""!" 3+ 5%22 3+ #$% ,#%"3#,!-

!*-# )"!? )"3(3#,322B8  "!( $%"% #$% %""!" ,-"%3+%+ +2,.$#2B 3+ ,# !-A%".%+ #!

#$% %""!" !1 #$% H(curl)=!-1!"(,-. ),+"%#,+3#,!- E 5$%"% #$% #3-.%-#,32 !-#,-*=
,#B ,+ %-1!"%) +#"!-.2B #$"!*.$ #$% C3+,+ 1*-#,!- "3#$%" #$3- 5%3F2B #$"!*.$ #$%

?%-32#B #%"( E !1 #$% +3(% !")%"8 @$,+ !-A%".%-% C%$3A,!*" ,+ 3 ),"%# !-+%=

G*%-% !1 #$% #$%!"%#,32 3-) -*(%",32 +#*)B !- #$% H3I5%22 %,.%-A32*% ?"!C2%(

,- JK9℄8

;- !-#"3+#4 #$% -*(C%" !1 ,#%"3#,!-+ ,-"%3+%+ ,-)%M-,#%2B 3+ #$% ?%-32#B ?3=

"3(%#%"+ ."!54 "%+*2#,-. ,- %I%++ !(?*#3#,!-32 !+#8 @$% ,-"%3+% ,+ (3"F%)2B

+#%%?%" !- #$% *-+#"*#*"%) (%+$ #$3- !- #$% +#"*#*"%) !-%8 ;- %3$ ?2!#4 C*22%#

?!,-#+ ,-),3#% #$% #$%!"%#,32 %+#,(3#%+ N78OPQ 3-) N78O:Q4 +$!5- #! C% #$% !?#,(32

$!,% ,- #$% ?"%A,!*+ +%#,!-8 @$% #$%!"%#,32 %+#,(3#%+ ?"!A,)% 3 2%3"2B +#3C2%

+!2*#,!- 5,#$ !(?*#3#,!-32 !+# -! (!"% #$3- #5! #,(%+ $,.$%" #$3- #$% -*(%"=

,322B %+#3C2,+$%) (,-,(*(8 @$% %+#,(3#% 1!" #$% ?%-32#B ?3"3(%#%" aF !1 #$%

;<=&' (%#$!) ,+ +!(%5$3# +$3"?%" #$3- 1!" #$% ?%-32#B ?3"3(%#%" ηF !1 #$% &'

(%#$!) 5,#$ #$% /"%00, 1!"(*23#,!-8  !" C!#$ &' (%#$!)+4 #$% %+#,(3#%+ 1!" #$%

$,.$%"=!")%" ?!2B-!(,32+4 p = 3 3-)4 %+?%,322B4 p = 44 3"% -!#,%3C2B +$3"?%"8 ;#
,+ -!#%5!"#$B #$3# #$% %+#,(3#% 1!" aF !1 #$% ;<=&' (%#$!) ."!5+ 3+ 5% ,-"%3+%

#$% ?!2B-!(,32 !")%" 5$%"%3+ 1!" #$% &' (%#$!) 5,#$ #$% /"%00, 1!"(*23#,!- ,#

,+ 3??"!I,(3#%2B !-+#3-#8 @$%+% ?"!?%"#,%+ 3"% 32+! "%R%#%) ,- #$% -*(%",322B

%+#3C2,+$%) +#3C,2,#B ",#%",!-8

 !"!# $%&'()*)+ *-./01/-/

@$% #$%!"%#,32 1"3(%5!"F 1!" )%#%"(,-,-. #$% 3+B(?#!#, !-A%".%-% "3#%+ !1

&' ),+"%#,+3#,!-+ !1 #$% H3I5%22 %G*3#,!-+ ,+ 13,"2B !(?2%#% ,- J97℄4 32C%,# 1!"

!-1!"(32 (%+$%+8 S!5%A%"4 #$!+% #$%!"%#,32 "%+*2#+ $3A% +! 13" C%%- 3!(?3-,%)

CB #5!=),(%-+,!-32 !(?*#3#,!-+ !-2B J7T4 9>4 9U℄8 V% -!5 ?"!A,)% -*(%",32

#$"%%=),(%-+,!-32 !-A%".%-% "%+*2#+ 1!" C!#$ &' (%#$!)+ ),+*++%) ,- #$,+ 5!"F8

@$% !(?*#3#,!-+ 3"% ?%"1!"(%) !- #5! ),W%"%-# +%G*%-%+ !1 (%+$%+8 @$% M"+#

3"% $,.$2B +#"*#*"%) (%+$%+ 3-) !-+#"*#%) 3+ 1!22!5+8 @$% )!(3,- Ω = (0, 1)
3

,+ ),A,)%) ,-#! n × n × n -*(C%" !1 !-."*%-# +*C*C%+4 5,#$ ,-#%.%" n = 2m 3-)

-!--%.3#,A% ,-#%.%" m8 V% #$%- ),A,)% %3$ !1 #$%+% +*C*C%+ ,-#! MA% #%#"3$%)"34
1!*" !1 5$,$ 3"% !-."*%-# 3-) $3A% A!2*(% !-%=+,I#$ !1 #$% !",.,-32 *C%8 @$%

M1#$ $3+ A!2*(% !-%=#$,") !1 #$% !",.,-32 *C%8 X2#$!*.$ #$% (%+$ ,+ -!# *-,1!"(4

#$,+ $3+ ?"!A%) #! C% 3 +,(?2% 3-) !-A%-,%-# 53B !1 (%3+*",-. !-A%".%-%4 3+

%3$ #,(% 5% "%M-% #$% (%+$4 #$% (3I,(*( !1 #$% 13% ),3(%#%" hF 5,22 C% %I3#2B

$321 !1 #$3# !1 #$% ?"%A,!*+ (%+$8 @$% !-A%".%-% "%+*2#+ !- +#"*#*"%) (%+$%+

3"% +$!5- ,- @3C2% ; 1!" #$% ;<=&' (%#$!) 3-) ,- @3C2% ;;; 1!" #$% &' (%#$!)

*+,-. #$% /"%00, 1!"(*23#,!-8

V% $3A% 32+! "*- #$% +3(% %I3(?2% !- 3 +%G*%-% !1 *-+#"*#*"%) (%+$%+8 @$%
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 !"#!" $!%! &!'!%()!* +, -!')(.%/01) 2 !!"#$$%%%&()!*+,-./!&.034 ( 5(7(&!

".8)(+9! 10% &!'!%()8'& ( :(%8!), 01 #,+%8*  !"#!" $8)# 0 59!; &!0 !)%8!"< =' )#8"

"!>.!'! 01  !"#!"4 $! +!&8' $8)# ( 0(%"!  !"# 01 54 )!)%(#!*%(< ?#!' $! *8:8*!
!(# )!)%(#!*%0' 8')0 !8&#) " (99!% )!)%(#!*%( )0 &!) )#! '!;) 2@'!%3  !"#< ?#!

0':!%&!'! %!".9)" 0' .'")%.).%!*  !"#!" (%! *!58)!* 8' ?(+9! == 10% )#! =ABCD

*8"%!)8"()80' ('* 8' ?(+9! =E 10% )#! CD  !)#0* ."8'& )#! F%!GG8 10% .9()80'<

F("!* 0' )#! ('(9,"8" 8' HIJ℄ ('* HLM℄4 )#! 05)8 (9 0':!%&!'! %()! 10% )#8"

!;( 59! 8"O(hp+1) 8' )#! L2(Ω)B'0% ('*O(hp) 8' )#! CD '0% < N! (' "!! )#()4
10% +0)#  !)#0*" 0' ")%.).%!*  !"#!"4 )#! 05)8 (9 0':!%&!'! %()! 8" (#8!:!*

8' )#! L2(Ω)B'0% 4 ('* #8&#!%B)#('B05)8 (9 0':!%&!'! %()!" (%! 0+"!%:!* 8' )#!
CD '0% < O' .'")%.).%!*  !"#!"4 $! 0'9, #(:! (' !")8 ()!* 0':!%&!'! %()!

$8)# h ∼ N
− 1

3

el < P!%! )#! 0':!%&!'! %()!" (%! "98&#)9, ".+05)8 (94 8' 5(%) +!(."!

$! #(:! )0 !")8 ()! )#! %()!" 01 0':!%&!'!4 ('* 8' 5(%) +!(."! $! (%! ")899 8'

)#! 5%!B(", 5)0)8 %!&8 !<

Q" ( "!0'* !;( 59! 01 (", 5)0)8 0':!%&!'!4 $! "09:! )#! *8"%!)! !8&!':(9.!

5%0+9! )#() %!".9)" 1%0 )#! CD (55%0;8 ()80' 01 2I<L3 $#!' )#! F%!GG8 ),5!

CD  !)#0* 2I<RM3 8" ."!*< Q99 )#! !8&!':(9.!" 01 2I<L34 0%%!"50'*8'& )0 " 00)#

!8&!'1.')80'"4 (%! 7'0$' )0 +!

ω2 = π2
(
l2 + m2 + n2

)

$#!%! l4 m ('* n (%! '0'B'!&()8:! 8')!&!%" ".# )#() lm + ln + nm > 0< N#!'
lmn > 04 )#!%! (%! )$0 8*!')8(9 !8&!':(9.!" (""08()!* $8)# 98'!(%9, 8'*!5!'*!')
!8&!'1.')80'"< Q&(8'4 )#! ('(9,"8" 8' HLI℄ 5%0:8*!" ( )#!0%!)8(9 !")8 ()! 10% )#!

0':!%&!'! %()! 01 )#! !8&!':(9.!"< ?#() %()! 8" O(h2p) 10% +0)#  !)#0*" *!B
"%8+!* #!%!4 "8'! )#! !8&!'"5(!" (%! " 00)# ('* )#! *8"%!)8"()80'" ",  !)%8<

?(+9!" ESE=== "#0$ 0' ( "!>.!'! 01 .'810%  !"#!" )#! @%") )$!'), !;() ('*

(55%0;8 ()! !8&!':(9.!"4 %!5%!"!')8'& @:! *8T!%!') :(9.!" +!(."! 01 )#!  .9)8598B

8),< Q99 !8&!':(9.!" (%! 9!(%9, 1%!! 01 "5.%80."  0*!" 8' )#8" 5(%) 01 )#! "5!)%. <

Q).(99,4 (99 !8&!':(9.!" $#0"! !8&!'1.')80'" (%! %!("0'(+9, $!99B%!"09:!* 2!<&< %!9B

()8:! L2B!%%0% 01 0.1 ()  0")3 (%! 8' )#! U9!(%V "5!)%. 10% )#! 5(%( !)!% !")8 ()!"
*!%8:!* 8' /!)80' I<I< ?#! (55%0;8 ()!* !8&!':(9.!" 0':!%&! (", 5)0)8(99, () (

%()! 5%!*8)!* +, )#! )#!0%!)8(9 %!".9)" HLI℄ ('* 10.'* 8' )$0B*8 !'"80'(9 !;5!%8B

 !')" HLM℄<

 !" #$%'()*%+ ,-./,01 /%) $(2'$$0

N! #(:! *!%8:!* 05)8 (9 5!'(9), 5(%( !)!%" ('* !%%0% !")8 ()!" 10% ",  !)%8

*8"0')8'.0." D(9!%78' *8"%!)8"()80'" 01 )#! )8 !B#(% 0'8 W(;$!99 !>.()80'"<

?#! 5!'(9), 5(%( !)!%" (%! &8:!' "0 )#() )#! &!0 !)%8 8'10% ()80' 01 )#!  !"#

('* )#! 509,'0 8(9 0%*!% (%! )(7!' 8')0 (0.') ('* )#!%!10%! )#!, (%! :(98* 8'

)#! 5%!B(", 5)0)8 %!&8 !< ?#8" 0')%(")" !(%98!% %!".9)" 8' )#! "( ! @!9*4 $#8#

10."!*  (8'9, 0' )#! (", 5)0)8 +!#(:80.% 01 )#! "#! !"< =) 8" 8 50%)(') )#()

+0)# )#! )#!0%!)8(9 %!".9)" ('* )#! !'".8'& '. !%8(9 "8 .9()80'" 0'"8*!% @'8)!
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 !"#$ %&  !"#$%&$"$ !( )*$ +,-./ 0$)*!1 !" 2)%3)3%$1 0$2*$2

p = 1

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 $%&'&()*+, - (%&,..)*+, -

Nel = 40 $%&/'/)*+, +%+, .%00/$)*+, +%,'

Nel = 320 &%''/.)*+$ $%,. ,%,1$.)*+, ,%1'

Nel = 2560 ,%(/+&)*+$ $%+, (%&&.&)*+$ ,%./

Nel = 20480 .%/1&()*+. ,%00 $%+//0)*+$ ,%,(

p = 2

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 $%'&$()*+, - (%,(/1)*+, -

Nel = 40 .%,+(()*+$ .%$+ &%++(+)*+$ .%+&

Nel = 320 .%1,+,)*+. .%+/ '%$'+$)*+. $%/+

Nel = 2560 (%/((()*+( .%++ ,%1$$()*+. $%$1

p = 3

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 &%1$(()*+$ - '%&.+$)*+$ -

Nel = 40 (%&++')*+. .%/1 1%,$,')*+. .%&'

Nel = 320 $%..//)*+( (%$1 &%+,&,#*+( .%'.

p = 4

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 $%.+&1)*+$ - .%$'.()*+$ -

Nel = 40 &%.(11)*+( &%(. '%,00&)*+( &%.$

Nel = 320 ,%&1,()*+& &%+0 .%+.,&)*+& (%1&

p = 5

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 (%(1&$)*+. - /%(///)*+. -

Nel = 40 ,%((($)*+( (%0& $%+1,,)*+( (%0/

Nel = 320 ,%,+0$)*+/ 1%+$ ,%'/+()*+/ /%'+

2#34 356#3 57 84!## "52#735973: ;#=>3# 57 ?!=85# 84!##*"52#73597=@ 352>@=85973

=!# !=!#@A =3A2?8985%

B4# 7>2#!5=@ #C=2?@#3 D# 4=E# ?!#3#78#" 349D 84=8 84# 84#9!#85=@ #3852=8#3

=!# 34=!?#! F9! 45G4#!*9!"#! ?9@A7925=@3 57 8#!23 9F 92?>8=8597=@ D9!H: =7" #E#7

57 84# D9!38 =3# 84#A =!# 79 29!# 84=7 $*. 852#3 29!# #C?#735E# 84=7 84# ;#38

E=@># 84=8 D# F9>7" 7>2#!5=@@A% I57=@@A: 7>2#!5=@ 97E#!G#7# !#3>@83 =!# =@39

?!9E5"#" 89 92?@#2#78 84# #C53857G 84#9!#85=@ =7" @9D#!*"52#73597=@ 7>2#!5=@

!#3>@83 57 @58#!=8>!#%



 ! "#$%&'( )* +%&,-$. %$($-'&'( '/&,-$&'/ 01( /2--'&(, 45

 !"#$ %%&  !"#$%&$"$ !( )*$ +,-./ !" 0"1)%0)0%$2 3$1*$1

p = 1

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 $%$&'()*+, - .%/0'.)*+, -

Nel = 432 1%,0$&)*+$ ,%/& ,%'./.)*+, ,%./

Nel = 3456 $%,+.,)*+$ ,%11 /%,11,)*+$ ,%$$

Nel = 27648 /%$0'1)*+. ,%1' .%($(.)*+$ +%/0

p = 2

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 .%+'.&)*+$ - '%0+0+)*+$ -

Nel = 432 '%00'&)*+. $%/, ,%+.01)*+$ $%$'

Nel = 3456 1%$1$+)*+' $%1( $%'('.)*+. $%+1

p = 3

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 '%(/'&)*+. - 1%0$,0)*+. -

Nel = 432 '%01&$)*+' .%$0 0%($.()*+' .%+,

Nel = 3456 '%,.$/)*+& .%/+ ,%$/$$)*+' $%0/

p = 4

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 &%'//0)*+' - (%$0&&)*+' -

Nel = 432 .%1/',)*+& .%(/ /%..&1)*+& .%1,

p = 5

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 ,%'1'+)*+' - $%,.$&)*+' -

Nel = 432 /%+$(1)*+/ '%/, 0%$,0,)*+/ '%&.

 !!"#$%&

23 345678 59# :3;!59 78#<;6=757#> 78 ?#@@6 &A B# !#B!75# 59# #CD!#>>738 38 59#

=#:5*968" >7"# 3: 5965 78#<;6=75E 6>

(A;, F) ,

B9#!# 


k2 0 0
0 1 M
0 M max

F∈Fh

(nf + ηF )M2



 ,

68"

; =
(
‖u‖0, ‖∇h × u‖0, ‖h− 1

2

F [[u]]T ‖0,Fh

)T

=⇒ |;| = ‖u‖DG,
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 !"#$ %%%&  !"#$%&$"$ !( )*$ +$)*!, !( -. +$)*!, /01"& )*$ 2%$331 (!%+/45)1!" !"
0)%/)/%$, +$0*$0

p = 1

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 $%&&'()*+' , -%.&+')*+' ,

Nel = 40 /%+('$)*+' +%-- .%/$0.)*+' +%--

Nel = 320 -%'1-')*+& &%+0 '%+(&$)*+' &%+.

Nel = 2560 '%-(-/)*+& &%+& &%00&+)*+& '%1/

Nel = 20480 .%.++/)*+/ &%+' '%+.-/)*+& '%$'

p = 2

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 /%+10&)*+' , .%/0+')*+' ,

Nel = 40 /%/11-)*+& /%'0 .%0/(-)*+& /%'$

Nel = 320 .%+1$+)*+/ /%+$ (%-/(.)*+/ &%1-

Nel = 2560 $%+-1&)*+. /%+' '%'-'1)*+/ &%$&

p = 3

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 (%./0')*+& , 0%'1(.)*+& ,

Nel = 40 .%--/+)*+/ /%-$ (%0$($)*+/ /%-&

Nel = 320 &%.-'()*+. .%&- .%/'0-)*+. .%+'

p = 4

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 &%///$)*+& , /%/+11)*+& ,

Nel = 40 $%$+1-)*+. $%.+ 1%'(1')*+. $%/.

Nel = 320 '%('-0)*+$ $%+0 &%1/.1)*+$ .%1$

p = 5

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 5 .%/&$')*+/ , (%'-/.)*+/ ,

Nel = 40 '%...0)*+. .%0+ &%+$1()*+. .%0'

Nel = 320 '%'+.')*+( -%+/ '%1&.-)*+( (%1&

2 =
(
‖v‖0, ‖∇h × v‖0, ‖h− 1

2

F [[v]]T ‖0,Fh

)T

=⇒ |2| = ‖v‖DG.

345# A 47 7899#:!4 ;# <=2#

(A>, 2) ≤ max
λ∈eig(A)

|λ| |>| |2| = max
λ∈eig(A)

|λ| ‖u‖ ‖v‖ ,

?!@9 ;<4< = 7:!=4A<:?@!;=!" @9B>:=:4@5 A42#7

max
λ∈eig(A)

|λ| = max
{
k2, λ2

}
,
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 !"#$ %&'  !"#$%&$"$ !( )*$ +, -$)*!. /01"& )*$ 2%$331 (!%-/45)1!" !" /"0)%/)/%$.
-$0*$0

p = 1

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 $%&'()*+,) - .%$/$/*+,) -

Nel = 432 &%.),'*+,$ )%/( )%0(1'*+,) )%/0

Nel = 3456 $%(1.0*+,$ )%(( .%0$&.*+,$ )%/(

Nel = 27648 '%0$/0*+,0 )%(0 )%1..)*+,$ )%.&

p = 2

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 0%0$&0*+,$ - .%'$,0*+,$ -

Nel = 432 1%./1$*+,0 $%/) '%.&1'*+,0 $%1,

Nel = 3456 (%&1/&*+,. $%(' )%1.$'*+,0 $%./

p = 3

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 1%$&0/*+,0 - (%(1(.*+,0 -

Nel = 432 1%$&$1*+,. 0%0$ '%0&))*+,. 0%$)

Nel = 3456 .%0(),*+,1 0%/, '%(01&*+,1 0%$/

p = 4

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 1%/0(.*+,. - '%$,$$*+,. -

Nel = 432 0%'1$,*+,1 0%'( 1%'/&.*+,1 0%',

p = 5

‖E − Eh‖0  !"#! ‖E − Eh‖DG  !"#!

Nel = 54 )%.(1&*+,. - $%),&)*+,. -

Nel = 432 /%,0$&*+,/ .%/) '%'(,(*+,/ .%1(

23#!# λ2 45 63# 5789647: 7; 63# #<9=647:

0 = (1 − λ2)(max
F∈Fh

(nf + ηF )M2 − λ2) −M2.

>54:? @.%1(A 63# 8=!?#! 5789647: =: C# #564D=6#" =5

1

2
max
F∈Fh

(nf + ηF )M2 + 1+

1

2

√
(max
F∈Fh

(nf + ηF )M2 + 1)2 − 4 max
F∈Fh

(nf + ηF )M2 + 4M2 @.%(/A

≤ 1

2

(
max
F∈Fh

(nf + ηF )M2 + 1 +
√

(max
F∈Fh

(nf + ηF )M2 + 1)2 − 4M2 + 4M2

)
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 !"#$ %&  !"#$%&'(#) *+!%!+#+ ,- π2. /,0&!$#+ /$ ($!1/23 3#)4#) 5!04 p = 1

h h/2 h/4 h/8 h/16  !"#%#&

'()''* +(+,-. +(/-0- +(/)*+ +(//0. +(////

'()''* +(+,-. +(/-0- +(/)*+ +(//0. +(////

'()''* +(+,-. +(/-0- +(/)*+ +(//0. +(////

,(+-./ '(-*,) '()1.+ '(/0') '(/)/. '(////

,(-',+ '(-*,) '()1.+ '(/0') '(/)/. '(////

,(-',+ ,(,/'0 ,(00+1 ,()).+ ,(/'// ,(////

.(,.)' ,(,/'0 ,(00+1 ,()).+ ,(/'// ,(////

.(,.)' ,(,/'0 ,(00+1 ,()).+ ,(/'// ,(////

.(,.)' -(.+), ,(00+1 ,()).+ ,(/'// ,(////

*(-,-. -(.+), ,(00+1 ,()).+ ,(/'// ,(////

*(-,-. -(.+), ,(00+1 ,()).+ ,(/'// ,(////

*(-,-. .(+'*' 1(1'0' 1()1*, 1(/0'/ 1(////

))(-01* .(+'*' 1(1'0' 1()1*, 1(/0'/ 1(////

))(-01* .(+'*' 1(1'0' 1()1*, 1(/0'/ 1(////

))(-01* *()1'. 1(100+ 1()-/- 1(/0'+ 1(////

)'(''., *()1'. 1(100+ 1()-/- 1(/0'+ 1(////

)-(+0.* *()1'. 1(100+ 1()-/- 1(/0'+ 1(////

)-(+0.* )+(+0,' *(/')) .(+**/ .(/-1. .(////

)-(+0.* )+(+0,' *(/')) .(+**/ .(/-1. .(////

)-(0//+ )+(+0,' *(/')) .(+**/ .(/-1. .(////

= max
F∈Fh

(nf + ηF )M2 + 1,

2#3#

max
λ∈eig(A)

|λ| ≤ max
F∈Fh

{
k2, (nf + ηF )M2 + 1

}
.

45657897:; %2# 78<% 53#=>875%: 53 ?#668 1 5< @A%853#& %29@>B2 &#C353B %2# 68%95!




k2 0 0
0 1 2M
0 2M max

F∈Fh

hFaF



 ,

8D%#9 E252 8 <56"7# 87>78%5@3 83& ><53B %2# 53#=>875%: hFaF ≥ 1 :5#7&<

max
λ∈eig(A)

|λ| = max
F∈Fh

{
k2, hF aF +

3

2
M

}
.
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 !"#$ %&'  !"#$%&'(#) *+!%!+#+ ,- π2. /,0&!$#+ /$ ($!1/23 3#)4#) 5!04 p = 2

h h/2 h/4 h/8  !"#%#&

'()'*+ '(+),* '(++)- '(+++) '(++++

'()'*+ '(+),* '(++)- '(+++) '(++++

'()'*+ '(+),* '(++)- '(+++) '(++++

.(/00- .(+'), .(++-* .(+++. .(++++

.(/00- .(+'), .(++-* .(+++. .(++++

1(,'// 1().-/ 1(+),0 1(++). 1(++++

1(,'// 1().-/ 1(+),0 1(++). 1(++++

1(,'// 1().-/ 1(+),0 1(++). 1(++++

0(/+.+ 1('-*, 1(+),0 1(++). 1(++++

0(/+.+ 1('-*, 1(+),0 1(++). 1(++++

0(/+.+ 1('-*, 1(+),0 1(++). 1(++++

/(/11* 0(.)'/ 0(+..1 0(++'. 0(++++

,('/11 0(.)'/ 0(+..1 0(++'. 0(++++

,('/11 0(.)'/ 0(+..1 0(++'. 0(++++

,('/11 0(-)1' 0(+.1' 0(++'- 0(++++

))(11+- 0(-)1' 0(+.1' 0(++'- 0(++++

))(11+- 0(-)1' 0(+.1' 0(++'- 0(++++

))(11+- /(1+/' /(+*/, /(++10 /(++++

)-(/1/0 /(1+/' /(+*/, /(++10 /(++++

)-(/1/0 /(1+/' /(+*/, /(++10 /(++++
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 !"#$% &'() L2 !""#" $%!&'( )*+ ',! *-./!" #&  !"#$% 0'!")'0#*1 $"02,'( )1 ) &-*'0#* #&
',! 4!*)%'5 4)").!'!" ηF +nf 0* ',! 67 &#".-%)'0#* #& 8"!990: ; 1'"-'-"!+ .!1, #& <=>
'!'"),!+") )*+ #!"0?0'5 #*1')*' β = 1

2
)"! -1!+:
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 !"#$% &'() L2 !""#" $%!&'( )*+ ',! *-./!" #&  !"#$% 0'!")'0#*1 $"02,'( )1 ) &-*'0#* #&
',! 4!*)%'5 4)").!'!" ηF + nf 0* ',! 67 &#".-%)'0#* #& 8"!990: ;* -*1'"-'-"!+ .!1, #&
<=> '!'"),!+") )*+ #!"0?0'5 #*1')*' β = 1

2
)"! -1!+:
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 !"#$% &'() L2 !""#" $%!&'( )*+ ',! *-./!" #&  !"#$% 0'!")'0#*1 $"02,'( )1 ) &-*'0#* #&
',! 4!*)%'5 4)").!'!" &F 0* ',! 67 89 .!',#+: ; 1'"-'-"!+ .!1, #& <=> '!'"),!+") )*+
#!"0?0'5 #*1')*' β = 1
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 !"#$% &'&( L2 !""#" $%!&'( )*+ ',! *-./!" #&  !"#$% 0'!")'0#*1 $"02,'( )1 ) &-*'0#* #&
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 !" #$%'()*%+ ,-./,01 /%) $(2'$$0 343

 !"#$ %&&'  !"#$%&'(#) *+!%!+#+ ,- π2. /,0&!$#+ /$ ($!1/23 3#)4#) 5!04 p = 3

h h/2 h/4  !"#%#&

'()*+' '()))+ '()))) '())))

'()*+' '()))+ '()))) '())))

'()*+' '()))+ '()))) '())))

,(-+,, ,())./ ,()))- ,())))

,(-+,, ,())./ ,()))- ,())))

0('-0- 0()',. 0()))0 0())))

0('-0- 0()',. 0()))0 0())))

0('-0- 0()',. 0()))0 0())))

0(*.'- 0()'0' 0()))0 0())))

0(*.'- 0()'0' 0()))0 0())))

0(*.'- 0()'0' 0()))0 0())))

.(..)' .()**. .())-) .())))

.(..)' .()**. .())-) .())))

.(..)' .()**. .())-) .())))

/(''') .()*/- .())-- .())))

/(''') .()*/- .())-- .())))

/(''') .()*/- .())-- .())))

+(1.01 +(-1'/ +()),' +())))

+(1.01 +(-1'/ +()),' +())))

-)(*/*, +(-1'/ +()),' +())))
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 !"#$ %&&&'  !"#$%&'(#) *+!%!+#+ ,- π2. /,0&!$#+ /$ ($!1/23 3#)4#) 5!04 p = 4

h h/2 h/4  !"#%#&

'())*+ '()))) '()))) '())))

'())*+ '()))) '()))) '())))

'())*+ '()))) '()))) '())))

+()**, +()))) +()))) +())))

+()**, +()))) +()))) +())))

-(*,'+ -())*+ -()))) -())))

-(*,'+ -())*+ -()))) -())))

-(*,'+ -())*+ -()))) -())))

-(*.*' -())*/ -()))) -())))

-(*.*' -())*/ -()))) -())))

-(*.*' -())*/ -()))) -())))

0(+-'- 0())+* 0()))) 0())))

0(+-'- 0())+* 0()))) 0())))

0(+-'- 0())+* 0()))) 0())))

0(/.*' 0())+1 0()))) 0())))

0(/.*' 0())+1 0()))) 0())))

0(/.*' 0())+1 0()))) 0())))

,('0+' ,())-) ,()))* ,())))

,(,+0, ,())-) ,()))* ,())))

,(,+0, ,())-) ,()))* ,())))



 !"#$%&  
 ! "# $% %&'( )$ *+' ,)$)*' '&'-'$*

 )#(.'*)#/*)0$# 0, *+' #'(0$ 10. '.

*)-'1 0-/)$ -/23'&& '45/*)0$

 !" #$%&'()%+'$

 !"#$%&'(& )*!+( (,(-(*+ -(+#%'. /0123 4&( 4* !*&(4.!*",6 !-7%&+4*+ +(#*%,$

%"6 !* ,4&"($.4,( (,(+&%-4"*(+! .!-8,4+!%*. +#4*9. +% +#(!& 4:!,!+6 +% (;(+!<(,6

-%'(, %-7,(= "(%-(+&!4, .+&8+8&(. 4*' ,%*"$+!-( >4<( 7&%74"4+!%*? @+ #4. ,%*"

:((* 9*%>* +#4+ +#( .+4*'4&' H1$%*A%&-!*" 012 A%& (,(+&%-4"*(+! >4<(. -46

&(.8,+ !* *%*$7#6.!4,B .78&!%8. .%,8+!%*.? @*.+(4'B %*( -46 *4+8&4,,6 %7+ A%& +#(

H(curl)$%*A%&-!*" 012 7!%*((&(' :6 CD'D,( EFGB FH℄ 4*' J%..4<!+ EGB H℄? @+ #4.

+#( 4'<4*+4"( %A -!-!9!*" +#( "(%-(+&!4, 7&%7(&+!(. %A +#( 24=>(,, (K84+!%*. 4+

+#( '!.&(+( ,(<(,?  %>(<(&B !* +!-($'%-4!* %-78+4+!%*. !+ &(K8!&(. .%,<!*" ,!*(4&

.6.+(-. >!+# -4.. -4+&!(. (<(* !A 4* (=7,!!+ +!-($!*+("&4+!%* -(+#%' !. 8.('?

L*( 4++&4+!<( 4,+(&*4+!<( M 4,.% A&(( %A .78&!%8. .%,8+!%*. 8*'(& (&+4!* %*'!+!%*.

M !. +#( '!.%*+!*8%8. N4,(&9!* 012 /ON$0123 EPPB QPB QQ℄B >#(&( +#( &(.8,+!*"

-4.. -4+&!= !. :,%9$'!4"%*4, 4*' +#(&(A%&( +#( %-78+4+!%*4, %.+ %A !+. !*<(&.!%*

!. *(",!"!:,(? J8+ +#!. 4''!+!%*4, R(=!:!,!+6 %-(. 4+ 4 %.+? S#( *8-:(& %A '("&((.

%A A&(('%- !* ON '!.&(+!.4+!%*. !. #!"#(& +#4* +#4+ !* +#( H(curl)$%*A%&-!*" '!.$
&(+!.4+!%*B 4,+#%8"# +#( '!;(&(*( '(&(4.(. 4. +#( 7%,6*%-!4, %&'(& !* +#( .74+!4,

'!.&(+!.4+!%* "&%>.? T. 4* !,,8.+&4+!%*B 0!"8&( F?U .#%>. +#( .74&.!+6 74++(&*. %A

+#( -4.. -4+&!(. A%& :%+# -(+#%'. >#(* 4 -(.# %A VPW +(+&4#('&4 4*' +#!&'$%&'(&

7%,6*%-!4,. 4&( 8.('?

X% +#(&( 477(4&. +% :( 4 +&4'($%; :(+>((* +#( +>% -(+#%'. !* +!-($'%-4!*

%-78+4+!%*.? @* "(*(&4,B +#( H(curl)$%*A%&-!*" 477&%4# !. -%&( (Y!(*+ >!+#
,%>$%&'(& 7%,6*%-!4,. 4*' ON$012 >!+# #!"#$%&'(& %*(.? S#( (=7(+(' :&(49$

(<(* 7%!*+ '(7(*'. %* 4 *8-:(& %A A4+%&.B .8# 4. +#( %*'!+!%*!*" 4*' .74&.!+6
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 !"#$% &'()  !"#$%&' !"&&(#) *+ &,( -"$$ -"&#%. +*# H(curl)/*)+*#-%)1 234 56(+&7 ")8
9:/234 5#%1,&7 +*# " -($, ;%&, <=> (6(-()&$? @,%#8/*#8(# !*6')*-%"6$ "#( A$(8B ;,%,
-(")$ &,"& &,( $%C( *+ &,( D6*E$ %) &,( #%1,& !6*& %$ F>×F>? G*&( &,( 8%H(#()( %) $%C(
D(&;(() &,( &;* -"&#%($?

 ! "#$ %&'' &() '"*+($'' %&",*$' *( "#$ ,$'./"*(0 '$%*1)*',$"$ '2'"$%'3 4' &

( 5$/"26 "#$ ! .'  ! "#*' #&7"$, *' " 7, 5*)$ &  %7&,*' (  ! "#$  %7."&"* (&/

7$,! ,%&($  ! "#$ "8 %$"# )' 8#$( #*$,&,#* H(curl)1 (! ,%*(0 9&'*' !.(1

"* (' :;6 <=℄ &,$ .'$)  ( "$",&#$),&/ %$'#$'3 ?#$ % "*5&"* ( 9$#*() "#*' # *$ *'

"#&" "#$'$ 9&'*' !.("* (' 7/&2 &( $5$, % ,$ *%7 ,"&(" , /$ *( "#$ )$5$/ 7%$("  !

p1 &() hp1&)&7"*5$ %$"# )' :;@℄ ! , "#$ A&B8$// $C.&"* (3

?#, .0# ." "#$ #&7"$,6 "#$ )*+$,$(" )*',$"*'&"* ( "$#(*C.$' &,$ &77/*$) " 

"#$ "#,$$1)*%$('* (&/ A&B8$// $C.&"* (' *( "#$ '$ ()1 ,)$, "*%$1)$7$()$(" ! ,%6

εr
∂2

E

∂t2
+ σ

∂E

∂t
+ ∇×

(
µ−1

r ∇× E
)

= −∂J

∂t
, DE3FG

8*"# # % 0$($ .' 9 .()&,2  ()*"* (' n × E = 03 4// C.&("*"*$' &,$ )*%$('* (1

/$'' *( DE3FG6 8#$,$ E *' "#$ $/$",* H$/) &() J *' "#$ $/$",* .,,$(" )$('*"23

?#$ 5&/.$' σ6 εr &() µr &,$ &''.%$) " 9$ "*%$1*()$7$()$("  ('"&(" '&/&,'6 &()

"#$2 ,$'7$"*5$/2 )$( "$  ()."*5*"26 ,$/&"*5$ )*$/$",* 7$,%*""*5*"2 &() ,$/&"*5$

%&0($"* 7$,%$&9*/*"23 I! "#$ ) %&*( *' H//$) 8*"# ( ( ()."*5$ %&"$,*&/6 "#$

)&%7*(0 "$,% σ ∂E

∂t *' &9'$("3 I!6 *( &))*"* (6 "#$ ' .,$ "$,% −∂tJ *' &/' "&J$(

" 9$ K$, 6 8$ #&5$ "#$  ('$,5&"*5$ A&B8$// 8&5$ $C.&"* (3  ! #$ %!&'(! )*! %'+!$,'-$.!,, /-&+ 01 2,'$3 )*! ,#.'$3, x = x̃/L̃4 t = t̃/(L̃/c̃0)4 E =
Ẽ/(Z̃0H̃0)4 H = H̃/H̃04 J = J̃/(H̃0/L̃) #$% σ = J̃L̃Z̃0/Ẽ4 5')* )'.%! %!$-)'$3 )*! %'+!$,'-$#.62#$)')'!,7 8!&! L̃ ', )*! &!/!&!$! .!$3)*4 c̃0 = (µ̃0ε̃0)−1/2 ', )*! ,9!!% -/ .'3*) '$ (#22+4
H ', )*! +#3$!)' :!.% ;!.'+'$#)!% '$ ;<7=>>4 H̃0 ', )*! &!/!&!$! +#3$!)' :!.% ,)&!$3)* #$%
Z̃0 = (iω̃µ̃0/(σ̃ + iω̃ε̃0))1/2 ', )*! '$)&'$,' '+9!%#$!4 5')* ω̃ 0!'$3 )*! #$32.#& /&!62!$1 #$% i)*! '+#3'$#&1 2$')7



 !" #$%&'()%+'$ ", 

 !""!#$%& '() *)'(!+ !, "$%)-. #) /0-' +$-0)'$-) '() -23'$3" !2)03'!0-. 4-$%&

'() H(curl)5!%,!0*$%&  67 !0 '() 895 67: ;% )$'()0 3-). #) 300$<) 3' 3 -)*$5

+$-0)') -=-')* $% '() ,!0* !, -)!%+5!0+)0 !0+$%30= +$>)0)%'$3" )?43'$!%- @A86-B

$% Rn.

Mεu
′′ + Mσu′ + Sµu = j, @C:DB

#()0) u $- '() 4%E%!#% <)'!0 !, N -3"30 !)F$)%'- 3--!$3')+ #$'( '() 325

20!G$*3'$!% !, '() )")'0$ /)"+ E: H() -!40) ')0* j $- '() 20!I)'$!% !, −∂tJ

!%'! '() /%$')5)")*)%' -23) 3%+ $% &)%)03" *3= 3"-! !%'3$% J!4%+30= +3'3:  !0

-$*2"$$'=. (!#)<)0. #) 0)-'0$' !40-)"<)- '! '() (!*!&)%)!4- 8$0$(")' J!4%+30=

!%+$'$!%. n × E = 0. $% '($- (32')0: 63( ')0* $% '() "),'5(3%+ -$+) !, @C:DB

!00)-2!%+- '! '() 0)-2)'$<) ')0* $% '() "),'5(3%+ -$+) !, @C:KB: H() *3-- *3'0$G

Mε $- -=**)'0$ 2!-$'$<) +)/%$') 3%+ '() !%+4'$<$'= *3'0$G Mσ $- -=**)'0$

2!-$'$<) -)*$5+)/%$'): ;% 3++$'$!%. ,!0 !%-'3%' -3"30- σ 3%+ εr '() *3'0$)- Mε

3%+ Mσ 30) $+)%'$3" 42 '! 3 !%-'3%': H() -'$>%)-- *3'0$G Sµ $- '() +$-0)'$-3'$!%

!, '() #3<) ')0* 3%+ $- -=**)'0$ 2!-$'$<) -)*$5+)/%$'):

L!%<)0&)%) 0)-4"'- ,!0 '() H(curl)5!%,!0*$%& -)*$5+$-0)') 3220!G$*3'$!%

@C:DB 30) 0)"3'$<)"= #)""5)-'3J"$-()+ MNC. CO℄: Q)-4"'- !% '() -)*$5+$-0)') 89

+$-0)'$-3'$!% 30) *!0) 0))%'R )%)0&=5%!0* )-'$*3')- MSS℄ 3%+ L25)-'$*3')- MSN℄

(3<) J))% +)0$<)+ ,!0 '() 73G#)"" )?43'$!%-T !2'$*3" )00!0 )-'$*3')- ,!0 '() ,4""=5

+$-0)') -)!%+5!0+)0 -3"30 #3<) )?43'$!% (3<) J))% 20!<$+)+ $% MSC℄T 3%+ 3 20!*$-5

$%& )%)0&=5!%-)0<$%& "!3"5'$*) -')22$%& -()*) (3- J))% +)<)"!2)+ $% MDN℄:

U <$'3" ,)3'40) !, @C:KB 3%+ @C:DB ,0!* '() 2!$%' !, <$)# !, '$*) $%')&03'$!%

$- '(3' $' $%"4+)- '() !%+4'$<$'= σ: 6<)% *!+)03') <3"4)- !, σ *3= 0)-4"' $%

3 20!($J$'$<)"= -*3"" '$*) -')2 ,!0 *3%= !, '() 2!24"30 '$*)5$%')&03'$!% -()*)-:

H()0),!0). #) 23= -2)$3" 3'')%'$!% '! '$*)5$%')&03'$!% *)'(!+- '(3' '0)3' '()

!%+4'$<$'= *3-- *3'0$G Mσ $% 3% $*2"$$' #3=: 73%= !, -4( *)'(!+- 3%+

!'()0- +$-4--)+ $% '($- (32')0 (3<) J))% 20)<$!4-"= -'4+$)+ $% MKK℄ ,!0 '() -=-')*

!, /0-'5!0+)0 73G#)"" )?43'$!%- +$-0)'$-)+ J= '() "!#)-'5!0+)0 H(curl)5!%,!0*$%&
)")*)%'-: V)) 3"-! MON℄ ,!0 *!0) +)'3$"- !% !*2!-$'$!% *)'(!+- ,!0 '() !%+4'$!%5

,0)) 73G#)"" )?43'$!%-:

H() -)*$5+$-0)') -=-')* @C:DB !%-)0<)- @+$-0)')B )%)0&= ,!0 '() -23'$3" +$-5

0)'$-3'$!%- +$-4--)+ ()0). -$%) '()-) 30) J!'( -=**)'0$: W)%). 4-$%& 3%

)%)0&=5!%-)0<3'$<) '$*)5$%')&03'$!% *)'(!+ 0)-4"'- $% 3 !%-)0<3'$<) ,4""=5+$-0)')

-()*): X) $%<)-'$&3') '() +$-2)0-$!% 3%+ +$--$23'$!% )00!0 !, '() -()*)- $% '#!

-')2-:  $0-'. #) +)')0*$%) '() +$-2)0-$!% )00!0 !, '() -)*$5+$-0)') -()*) J=

-!"<$%& '() '$*)5(30*!%$ )$&)%<3"4) 20!J")* !00)-2!%+$%& '! '() -)*$5+$-0)')

-=-')*: V)!%+. #) 3% '()% 322"= 3%= &$<)% '$*)5$%')&03'$!% -()*) '! 3 -$*2").

J4' )?4$<3")%'. *!+)" 20!J")* '(3' $%"4+)- '() $%,!0*3'$!% !, '() -)*$5+$-0)')

%4*)0$3" ,0)?4)%=. 3%+ '(4- +)/%) '() +$-2)0-$!% @3%+. $, '()0) $- 3%=. +$--$23'$!%B

)00!0 !, '() '$*)5$%')&03'$!% *)'(!+: H($- 3220!3( -(!#- $, '() +$-2)0-$!% )00!0

$- +!*$%3')+ J= '() -23'$3" !0 ')*2!03" +$-0)'$-3'$!% Y 3 2$)) !, $%,!0*3'$!% '(3'

*3= 20!<) 4-),4" $% +)$+$%& #()'()0 !0 %!' '! &! ,!0 ($&(5!0+)0 '$*)5$%')&03'$!%

-()*)-:

H() !*24'3'$!%3" 2)0,!0*3%) !, '() H(curl)5!%,!0*$%& *)'(!+ ($%&)- '! 3
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 !"#$ %" !"" &' "(*"'$+, -&+.*' $/" +*'"#! -,-$"0 1*$/ $/" 0#-- 0#$!*23 4 '506

7"! &8 #%.#'"% $"/'*95"- /#." 7""' :!&:&-"% !""'$+,; *'+5%*' 0#-- +50:*' 

<=; >=; ?@℄; $/" "2:+**$ &0:5$#$*&' &8 #' #::!&2*0#$" -:#!-" *'."!-" 0#-- 0#$!*2

<B?℄; &! $/" &'-$!5$*&' &8 -:"*#+ :!"&'%*$*&'"!-3 C/"-" #::!&#/"-; /&1"."!; %&

'&$ *' $/"*! 5!!"'$ -$#$"- :!&.*%" #  "'"!#+ 8!#0"1&!D #'% $/"!"8&!" #''&$ 7"

"2$"'%"% $& /* /6&!%"! %*-!"$*-#$*&'- *' # -$!#* /$8&!1#!% 0#''"!3 C/#$ *- $/"

!"#-&' 1/, *' $/*- /#:$"! 1" !"-&!$ $& -$#'%#!% :!"&'%*$*&'"!-3 E$ *- &8 &5!-"

#+-& :&--*7+" $& 5-" -:#!-" %*!"$ -&+."!- 75$ *' $"-$ :!&7+"0- 1" 8&5'% $/#$ $/",

#!" $&& 0"0&!, %"0#'%*' 8&! +#! "6-#+" $/!""6%*0"'-*&'#+ &0:5$#$*&'-3

C/" !"0#*'*' :#!$ &8 $/" /#:$"! *- &! #'*-"% #- 8&++&1-3 C/" 1"#D 8&!05+#6

$*&'- &8 $/" H(curl)6&'8&!0*' FGH #'% $/" IJ6FGH #!"  *."' *' K"$*&' @3>3

C/" -"0*6%*-!"$" -,-$"0 #!*-*' 8!&0 "*$/"! &8 $/" -:#$*#+ %*-!"$*-#$*&'- *- #'#+6

,-"% *' K"$*&' @3B; 1/*+" 1" 7!*"L, %"-!*7" # '507"! &8 $/" 0&-$ 1*%"+,65-"%

$*0"6*'$" !#$*&' 0"$/&%- *' K"$*&' @3M3 N50"!*#+ "2#0:+"- $/#$ &0:#!" $/"

&0:5$#$*&'#+ :"!8&!0#'" &8 $/" $1& O'*$" "+"0"'$ #::!&#/"- #!" :!"-"'$"% *'

K"$*&' @3@; 1/"!" 1" $"-$ 7&$/ +&16&!%"! #'% /* /6&!%"! #::!&2*0#$*&'-3 K"6

$*&' @3P &'+5%"- $/" /#:$"! 1*$/ O'#+ !"0#!D-3

 !" #$% &%'( )*+,-.'/0*1

Q"8&!" 1" :!"-"'$ $/" 1"#D 8&!05+#$*&'- $/#$ !"-5+$ 8!&0 $/" H(curl)6&'8&!0*' 

#'% $/" IJ %*-!"$*-#$*&'-; 1" *'$!&%5" $/" $"--"++#$*&' Th $/#$ :#!$*$*&'- $/"

:&+,/"%!#+ %&0#*' Ω ⊂ R3 *'$& # -"$ &8 $"$!#/"%!# {K}3 C/!&5 /&5$ $/" /#:$"!

1" #--50" $/#$ $/" 0"-/ *- -/#:"6!" 5+#! #'% $/#$ "#/ $"$!#/"%!&' *- -$!#* /$6

-*%"%3 C/" '&$#$*&'- Fh; F i
h #'% Fb

h -$#'% !"-:"$*."+, 8&! $/" -"$ &8 #++ 8#"- {F};
$/" -"$ &8 #++ *'$"!'#+ 8#"-; #'% $/" -"$ &8 #++ 7&5'%#!, 8#"-3

R' $/" &0:5$#$*&'#+ %&0#*' Ω; 1" %"O'" $/" -:#"-

H(curl; Ω) :=
{
u ∈

[
L2(Ω)

]3
: ∇× u ∈

[
L2(Ω)

]3}
,

H0(curl; Ω) :=
{
u ∈ H(curl; Ω)

∣∣∣ n × u = 0 &' ∂Ω
}

,

#'% $/" L2 *''"! :!&%5$ (·, ·)

(u,v) =

∫

Ω

u · v dV.

C/" &'$*'5&5- 1"#D 8&!05+#$*&' &8 S@3TU '&1 !"#%- #- 8&++&1-V F*'% E ∈
H0(curl,Ω) -5/ $/#$ ∀w ∈ H0(curl,Ω) $/" !"+#$*&'

∂2

∂t2
(εrE,w) +

∂

∂t
(σE,w) +

(
µ−1

r ∇× E,∇× w
)

= −
(

∂J

∂t
,w

)
S@3BU

*- -#$*-O"%3 K"" "3 3 <@T; @P℄3
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 !"!# $%&' ()*+,-&./)0 )( .1% H(curl)2)0()*+/04 5/6*%./2

6&./)0

 ! "#$%# &" $'(#%&'(% *+,-./ 0% 1#(& '!&#"$2% &3% 1!'&% %4%5%!& (67% 7(("'7&%$

0'&3 &3% &%((%447&'"! Th, 8%& Pp(K) 9% &3% (67% ": 6"4;!"5'74( ": $%<#%% 7& 5"(&

p ≥ 1 "! K ∈ Th, =>%# %73 %4%5%!& K &3% H(curl)?"!:"#5'!< 6"4;!"5'74 (67%

'( $%1!%$ 7(

Qp =
{

u ∈ [Pp(K)]
3
; uT |F K

i
∈

[
Pp(F

K
i )

]2
; u · τ j |eK

j
∈ Pp(e

K
j )

}
, *+,@.

03%#% FK
i / i = 1, 2, 3, 4 7#% &3% :7%( ": &3% %4%5%!&A eK

j / j = 1, 2, 3, 4, 5, 6 7#% &3%

%$<%( ": &3% %4%5%!&A uT '( &3% &7!<%!&'74 "56"!%!& ": uA 7!$ τ j '( &3% $'#%&%$

&7!<%!&'74 >%&"# "! %$<% eK
j , B"# &3% "!(&#2&'"! ": Qp/ 0% 2(% 7 (%& ": H(curl)?

"!:"#5'!< 3'%#7#3' 97('( :2!&'"!( CD/ E@℄,

G%H&/ 0% '!&#"$2% &3% $'(#%&% (67% ": <4"9744; H(curl)?"!:"#5'!< :2!&'"!(

Υp
h :=

{
υ ∈ [H0(curl,Ω)]

3
∣∣∣ υ|K ∈ Qp, ∀K ∈ Th

}
,

7!$ 4%& &3% (%& ": 97('( :2!&'"!( {ψi} (67! &3% (67% Υp
h, I%% C+J℄ :"# 7 $%&7'4%$

$'(2(('"! "! 9"&3 "!&'!2"2( 7!$ $'(#%&% H(curl)?"!:"#5'!< (67%(, K% 7!

&3%! 766#"H'57&% &3% %4%&#' 1%4$ E 7(

E ≈ Eh =
∑

i

ui(t)ψi(x), *+,+.

:#"5 03'3 &3% $'(#%&% 0%7L :"#5247&'"! #%7$( 7( :"44"0(M B'!$ Eh ∈ Υp
h (23

&37& ∀φ ∈ Υp
h &3% #%47&'"!

∂2

∂t2
(εrEh,φ) +

∂

∂t
(σEh,φ) +

(
µ−1

r ∇× Eh,∇× φ
)

= −
(

∂J

∂t
,φ

)
*+,J.

'( (7&'(1%$, G"&% &37& *+,J. '( (7&'(1%$ ': 7!$ "!4; ': '& '( (7&'(1%$ :"# %>%#; 97('(

:2!&'"! ψi, i = 1, . . . , N / 0'&3 N 9%'!< &3% <4"974 !259%# ": $%<#%%( ": :#%%$"5,

N( 7 #%(24&/ (29(&'&2&'"! ": *+,+. '!&" *+,J. ;'%4$( &3% (%5'?$'(#%&% (;(&%5 *+,D.

0'&3
[Mε]ij =

(
εrψi,ψj

)
, [Sµ]ij =

(
µ−1

r ∇× ψi,∇× ψj

)
,

[Mσ]ij =
(
σψi,ψj

)
, [j]i = −

(
∂J

∂t
,ψi

)
.

O73 ": &3% 79">% 57&#'%( P Mε/ Mσ 7!$ Sµ P 37( 7 47#<% !259%# %!&#'%( :7#

"Q &3% $'7<"!74/ '!#%7('!< &3% "562&7&'"!74 "(& :"# 9"&3 %H64''& 7!$ '564''&

&'5%?'!&%<#7&'"! 5%&3"$(,

 !"!" $%&' ()*+,-&./)0 )( 7829:;

 ! "!&#7(& &" &3% H(curl)?"!:"#5'!< $'(#%&'(7&'"!/ '! RS?BOT 0% 7#% 4""L'!<

:"# &3% $'(#%&% ("42&'"! '! &3% (67%

Σp
h :=

{
σ ∈

[
L2(Ω)

]3 ∣∣∣ σ|K ∈ Qp, ∀K ∈ Th

}
.



 !" #$%&'() *+ ,- ./ 01213(

 !"# $%& '( "))*' #!( +*),-*.$") /0-#$*-% #* 2( /0)), 3$%*-#$-0*0% "4*%% ()(.(-#

$-#(4/"(% "-3 "%%0.( #!"# #!( %(# */ 2"%$% /0-#$*-% {ψi} -*' %+"- #!( %+"(

Σp
h5 6-%#("3 */ (-/*4$-7 *-#$-0$#, */ #!( #"-7(-#$") *.+*-(-#%& #!( $-/*4."#$*-

2(#'((- ()(.(-#% $% -*' *0+)(3 #!4*07! #!( -0.(4$") 809 :;;& <& <<℄5 >(/*4(

'( "- 3(?-( #!( -0.(4$") 809 "-3 /*4.0)"#( #!( 3$%4(#$%"#$*- /*4 @ABCDE& '(

?4%# -((3 #* $-#4*30( .*4( -*#"#$*-5

F*-%$3(4 "- $-#(4/"( F ∈ Fh 2(#'((- ()(.(-# KL "-3 ()(.(-# KR& "-3 )(#

nL "-3 nR 4(+4(%(-# #!($4 4(%+(#$G( *0#'"43 +*$-#$-7 -*4.") G(#*4%5 H( 3(?-(

#!( #"-7(-#$") I0.+ "-3 #!( "G(4"7( */ #!( J0"-#$#, u "4*%% $-#(4/"( F "%

[[u]]T = nL × uL + nR × uR "-3 {{u}} =
(
uL + uR

)
/2,

4(%+(#$G(),5 K(4( uL "-3 uR "4( #!( G")0(% */ #!( #4"( */ u "# ∂KL "-3 ∂KR&

4(%+(#$G(),5 L# #!( 2*0-3"4, Γ& '( %(# {{u}} = u "-3 [[u]]T = n × u5 H(

/04#!(4.*4( $-#4*30( #!( 7)*2") )$/#$-7 *+(4"#*4 R(u) :
[
L2(Fh)

]3 → Σp
h "%

(R(u),v)Ω =

∫

Fh

u · {{v}}dA, ∀v ∈ Σp
h, MN5OP

"-3& /*4 " 7$G(- /"( F ∈ Fh& #!( )*") )$/#$-7 *+(4"#*4 RF (u) :
[
L2(F )

]3 → Σp
h "%

(RF (u),v)Ω =

∫

F

u · {{v}}dA, ∀v ∈ Σp
h. MN5QP

R*#( #!"# RF (u) G"-$%!(% *0#%$3( #!( ()(.(-#% *--(#(3 #* #!( /"( F %* #!"# /*4

" 7$G(- ()(.(-# K ∈ Th '( !"G( #!( 4()"#$*-

R(u) =
∑

F∈Fh

RF (u), ∀u ∈
[
L2(Fh)

]3
. MN5SP

 !( 3$%4(#( '("T /*4.0)"#$*- /*4 @ABCDE -*' 4("3% "% /*))*'% :UQ℄V C$-3

Eh ∈ Σp
h %0! #!"# ∀φ ∈ Σp

h #!( 4()"#$*-

∂2

∂t2
(εrEh,φ) +

∂

∂t
(σEh,φ) +

(
µ−1

r ∇h × Eh,∇h × φ
)

−
∫

Fh

[[Eh]]T · {{∇h × φ}}dA −
∫

Fh

{{∇h × Eh}} · [[φ]]T dA

+
∑

F∈Fh

CF (RF ([[E]]T ),RF ([[φ]]T ))
Ω

= −
(

∂J

∂t
,φ

)
MN5WXP

$% %"#$%?(3& '!(4( #!( *+(4"#*4 ∇h 3(-*#(% #!( ()(.(-#'$%( "++)$"#$*- */ ∇5 C*4
%#"2$)$#,& #!( *-%#"-# CF !"% #* %"#$%/, #!( *-3$#$*- :UQ℄

CF ≥ nfC1 + min

{
1

2
,

1

C2

}
,
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 !"#" C1 $%& C2 $#" '()*+*," (%)+$%+) $%& nf &"%(+") +!" %./0"# (1 )*&") (1

"$! "2"/"%+3 +!$+ *) 1(# +"+#$!"&#$ nf = 44 5) $ (%)"6."%"3 +!" (%)+$%+ CF *)

*%&"'"%&"%+ (1 0(+! +!" '(27%(/*$2 (#&"# $%& +!" /")! )*8"4

59$*%3 :;4<=> *) )$+*)?"& *1 $%& (%27 *1 *+ *) )$+*)?"& 1(# ","#7 0$)*) 1.%+*(%

ψi, i = 1, . . . , N 3  *+! N 0"*%9 +!" 92(0$2 %./0"# (1 &"9#"") (1 1#""&(/4 @.0)+*A

+.+*(% (1 E ≈ Eh =
∑

i ui(t)ψi(x) *%+( :;4<=> 7*"2&) +!" )"/*A&*)#"+" )7)+"/ :;4B>

 *+!

[Mε]ij =
(
εrψi,ψj

)
, [Mσ]ij =

(
σψi,ψj

)
, [j]i = −

(
∂J

∂t
,ψi

)
,

[Sµ]ij =
(
µ−1

r ∇h × ψi,∇h × ψj

)
−

∫

Fh

[[ψi]]T ·
{{
∇h × ψj

}}
dA

−
∫

Fh

{{∇h × ψi}} ·
[[

ψj

]]
T

dA +
∑

F∈Fh

CF

(
RF ([[ψi]]T ),RF (

[[
ψj

]]
T
)
)

Ω
.

C!" /$+#*") Mε $%& Mσ $#" %( 02(DA&*$9(%$2  *+! +!" "2"/"%+ *)" /$+#*")

0"*%9 +!" 02(D)4 E( ","#3 +!" )+*F%")) /$+#*G Sµ !$) )+*22 /$%7 "%+#*") 1$# (F

+!" &*$9(%$2 0"$.)" (1 +!" 1$" *%+"9#$2) *% *+) (%)+#.+*(%4 C!$+ *)  !73 HI *%

9"%"#$2  $##$%+) +!" .)" (1 "G'2**+ +*/"A*%+"9#$+*(% )!"/") 0.+ %(+ */'2**+ (%")4

J" "/'!$)*)" +!$+ :;4<=> *) (%27 (%" (1 /$%7 '())*02" 1(#/.2$+*(%) (1 HIAKLM3

&"'"%&*%9 (% +!" %./"#*$2 N.G (%" !(()") +( .)"4 C!" (%"  " !$," *%+#(&."&

!"#" *) 0$)"& (% +!" %./"#*$2 N.G 1#(/ O<B℄ :)"" $2)( OQ℄>3 $%&  $) $%$27)"& *%

&"+$*2 1(# +!" +*/"A!$#/(%* M$G "22 "6.$+*(%) *% OQR℄4 @"" $2)( OS℄ 1(# $% (,"#,*" 

(1 HIAKLM /"+!(&) 1(# "22*'+* '#(02"/) $%& 1(# $ 2$#9" %./0"# (1 '())*02" !(*")

1(# +!" %./"#*$2 N.G4

 !"!# $%& &'&()* '+(,

T(%,"#9"%" #").2+) 1(# KLM) $#" 9"%"#$227 &"#*,"& %(+ (%27 *% +!" L2A%(#/ 0.+

$2)( *% $ %(#/ $))(*$+"&  *+! +!" &*)#"+" "%"#97 (1 +!" $''#(G*/$+*(% OUU3 U;℄4

C!")" $#" &"?%"& 1(# +!" H(curl)A(%1(#/*%9 $%& HI &*)#"+*)$+*(%) $)

‖v‖2
H(curl) = ‖v‖2 + ‖∇ × v‖2

$%&

‖v‖2
DG = ‖v‖2 + ‖∇h × v‖2 + ‖ − 1

2 [[v]]T ‖2
Fh

,

#")'"+*,"274 V% +!" $0(," &"?%*+*(%3 ‖·‖Fh
&"%(+") +!" L2(F) %(#/ $%&  (x) = hF

*) +!" &*$/"+"# (1 1$" F (%+$*%*%9 x4 J" %(+" +!$+ +!" + ( &"?%*+*(%) (1 +!"

"%"#97 %(#/ $#" $+.$227 *&"%+*$2 $) ∇h 0"(/") ∇ $%& [[·]]T ,$%*)!") *1 H(curl)A
(%1(#/*%9 &*)#"+*)$+*(% *) .)"&4



  ! "#$%&'( )* +, -. /0102'

 !" #$%&'('$) *+ $,- .-/'01'.3-$- .).$-/

 ! #$$% !&' # (#)* )'#(*+*'% #,#+%)*)- ./ 0$)' '$#,)1!$2 34567 *,'! # 0$)'8!$9/$

)%)'/2 !1 :;<)-

u′ = v, 345==7

Mεv
′ + Mσv + Sµu = j.

>/#++ '?#' Sµ *) )%22/'$* #,9 '?/$/1!$/ @ &)*,A '?/ *,,/$8B$!9&' ,!'#'*!, 1!$

9*)$/'/ C/'!$) @ ./ ?#C/ '?/ B$!B/$'%

d

dt

(
vT Mεv + uT Sµu

)
=

dvT

dt
Mεv + vT Mε

dv

dt
+

duT

dt
Sµu + uT Sµ

du

dt
=

2vT (−Mσv − Sµu + j) + 2vT Sµu = 2vT j − 2vT Mσv. 345=67

D1 j = 0- '?*) /,'#*+) )'#(*+*'%- '?#' *)

d

dt

(
vT Mεv + uT Sµu

)
= −2vT Mσv ≤ 0,

)*,/- 1!$ !,)'#,' σ- '?/ 2#'$*E Mσ *) B!)*'*C/ 9/0,*'/ *1 σ > 0 #,9 Mσ = 0 *1
σ = 05  ?/$/1!$/- *1 σ = 0 *, #99*'*!, '! j = 0- 345=67 )?!.) !,)/$C#'*!,5

D, !$9/$ '! &)/ # )'#(*+*'% '/)' 2!9/+ *,'$!9&/9 +#'/$ *, '?*) )/'*!,- ./ '$#,)8

1!$2 345==7 '! #, /F&*C#+/,' /EB+**' 1!$25  ! 9! )!- ./ 2&+'*B+% '?/ 0$)' /F&#'*!,

*, 345==7 .*'? Mε #,9 *,'$!9&/ '?/ G?!+/)H% 1#'!$*)#'*!, LLT = Mε5  ?/ ,/.

C#$*#(+/) ṽ = LT v #,9 ũ = LT u '?/, )#'*)1% '?/ )%)'/2

(
ũ′

ṽ′

)
=

(
0 I

−S̃µ −M̃σ

) (
ũ
ṽ

)
+

(
0

j̃

)
, 345=I7

.?/$/

j̃ = L−1j, S̃µ = L−1SµL−T , M̃σ = L−1MσL−T .

J*,/ (!'? '?/ !,9&'*C*'% !/K*/,' σ #,9 '?/ B/$2*''*C*'% !/K*/,' εr #$/

!,)'#,' )#+#$) *, 345=7- '?/ 2#'$*E M̃σ *, 345=I7 *) '?/ !,)'#,' 9*#A!,#+ 2#'$*E

M̃σ = γI, γ =
σ

εr
.

L$!2 '?*) ./ #, 9/$*C/ # '.!8(%8'.! )%)'/2 '?$!&A? .?*? )'#(*+*'% !1 '*2/8

*,'/A$#'*!, 2/'?!9) 1!$ 345==7 #, (/ /E#2*,/95

 ?/ 2#'$*E S̃µ *) )%22/'$* B!)*'*C/ )/2*89/0,*'/ )! *' #, (/ 9/!2B!)/9 #)

S̃µ = UΛUT - .?/$/ Λ *) # 9*#A!,#+ 2#'$*E .*'? '?/ /*A/,C#+&/) !1 S̃µ !, *') 9*#A!,#+

λ1 ≥ λ2 ≥ . . . ≥ λr ≥ λr+1 = λr+1 = . . . = λn = 0,

.?/$/ r *) '?/ $#,H !1 '?/ 2#'$*E5  ?/ 2#'$*E U *) !$'?!A!,#+ #,9 *') !+&2,) #$/

'?/ /*A/,C/'!$) !1 S̃µ5 M)*,A # B/$2&'#'*!, 2#'$*E P- ./ ?#C/



 !" #$%&'('$) *+ $,- .-/'01'.3-$- .).$-/ 444

A =

(
0 I

−S̃µ −M̃σ

)
=

(
0 UUT

−UΛUT −γI

)
=

(
U 0
0 U

)(
0 I
−Λ −γI

)(
UT 0
0 UT

)
=

(
U 0
0 U

)
PΛPPT

(
UT 0
0 UT

)
,  !"#$%

&'()( ΛP *+ , -./123*,4/5,. 6,7)*8 &*7' 7&/2-927&/ -./1+

(
0 1

−λk −γ

)
, k = 1, . . . , N.  !"#!%

:'*+ ,../&+ ;+ 7/ +7,7( 7'( </../&*54 =)/=/+*7*/5"

53*6*.'$'*7 4!  !!"#$ %&'% σ '() εr '*$ !','* '() γ = σ/εr- .&$( %&$ #'%*/0

A &'!

1/2 n − r 3$*4 $/5$(6',"$!7

1//2 n − r $/5$(6',"$! 8&/& $9"', −γ7

1///2 2r $/5$(6',"$! 8&/& '*$

−γ ±
√

γ2 − 4λk

2
, k = 1, . . . , r.

:';+> 7'( /)7'/4/5,. 7),5+</)6,7*/5 V ≡ ( U 0
0 U )P 3(/;=.(+  !"#?% *57/ r 7&/2

-927&/ +9+7(6+ (
û′

v̂′

)
=

(
0 1
−λ −γ

)(
û
v̂

)
+

(
0

ĵ

)
,

&*7' λ = λk > 0> k = 1, . . . , r> ,53 n − r 7&/2-927&/ +9+7(6+

(
û′

v̂′

)
=

(
0 1
0 −γ

) (
û
v̂

)
+

(
0

ĵ

)
.

@/) 7'( +7,-*.*79 ,5,.9+*+> &( 6,9 5(4.(7 7'( +/;)( 7()6 ,53 7';+ ,))*A( ,7 7'(

7&/2-927&/ +7,-*.*79 7(+7 6/3(.

(
û′

v̂′

)
=

(
0 1
−λ −γ

) (
û
v̂

)
, λ ≥ 0, γ ≥ 0.  !"#B%

:'( ,77),7*A( <(,7;)( /< 7'*+ </)6;.,7*/5 *+ 7',7 +7,-*.*79 </) 7'( 7(+7 6/3(.  !"#B%

*53;(+ +7,-*.*79 </)  !"##% *5 7'( 5/)6 4(5(),7(3 -9 7'( *55() =)/3;7 *5  !"#C%"

D+(<;. 7'/;4' (E;,7*/5  !"#B% *+> *7 *+ *6=/)7,57 7/ (6=',+*+( 7',7 7'( 3()*A,7*/5

/<  !"#B% )(E;*)(+ /5+7,57 +,.,)+ *5 7'( /(F*(57+ εr ,53 σ> 7';+ .*6*7*54 7'(

4(5(),.*79 /< 7'*+ ,==)/,'"



  ! "#$%&'( )* +, -. /0102'

 !" #$%&'$()&*+,)$-( %&).-/0

 !"#$#%& '() *"+' ,",-%$! '.*)/.0')1!$'."0 *)'("2+ '" -+) .0 "*#.0$'."0 4.'(

(.1(/"!2)! 56 *)'("2+ $!) (.1(/"!2)! 7-01)/8-''$ *)'("2+9 1.:.01 !.+) '" 4($'

$!) "%%)'.:)%& $%%)2 '() 7-01)/8-''$ 56 ;7856< *)'("2+ =>>℄@ A"! "0'.0-"-+

$02 H(curl)/"0B"!*.01 ACD+ 1)"*)'!. .0')1!$'"!+ $!) $%+" 4.2)%& -+)2 '($0E+ '"
'().! $#.%.'& '" "0+)!:) +&*,%)'..'& $' '() 2.+!)') %):)% =FG℄@ H0 '(.+ +)'."09 4)

#!.)I& !)$%% '() "0+'!-'."0 "B '()+) '4" B$*.%.)+ "B *)'("2+ $02 4) $%+" 2.+-++

%"$% $02 1%"#$% 7.($!2+"0 )J'!$,"%$'."0@

K() (.1()+'/"!2)! ,"%&0"*.$% 4) -+) 4.'(.0 '() L0.') )%)*)0' *)'("2+ .+ p = 3@
A"! #"'( '() 56 $02 '() H(curl)/"0B"!*.01 *)'("2+9 '(.+ "!!)+,"02+ '" B"-!'(/
"!2)! "0:)!1)0) B"! '() +)*./2.+!)') +&+')* ;M@>< ,!":.2)2 '($' '() +"%-'."0 .+

+*""'( =NN9 NG9 GM9 MF℄@ K()!)B"!)9 4) 0"4 "0%& 2.+-++ '.*)/.0')1!$'."0 *)'("2+

'($' $!) $%+" $' *"+' B"-!'(/"!2)! $-!$')@ CJ')0+."0 '" (.1()! "!2)!9 ("4):)!9 .+

-+-$%%& +'!$.1('B"!4$!2@

A"! .0:)+'.1$'.01 '() ,!",)!'.)+ "B $0& 1.:)0 '.*)/.0')1!$'."0 *)'("29 %)' τ
2)0"') '() '.*)/+'), +.O) $02 .0'!"2-) zλ = τ

√
λ $02 zγ = τγ@! K() +'$#.%.'& "B

'() '.*)/.0')1!$'."0 *)'("2 $0 '()09 .0 1)0)!$%9 #) #)+' .0+,)')2 '(!"-1( '()

;0-*)!.$%%& 2)')!*.0)2< +'$#.%.'& !)1."0

S = {(zλ, zγ) : zλ, zγ ≥ 0 4.'( |µ| < 1, µ ).1)0:$%-)+ "B '() $*,%.L$'."0 ",)!$'"!}

$++".$')2 4.'( '() ')+' *"2)% ;M@PF<@

 !"!# $%&'()*%++, -(+./01

Q-' "B '() *$0& 2.R)!)0' '&,)+ "B 7-01)/8-''$ *)'("2+9 +'!"01/+'$#.%.'&/

,!)+)!:.01 7-01)/8-''$ *)'("2+ ;SS 78< =>>℄ $!) ,$!'.-%$!%& 4)%% +-.')2 B"!

'() '.*) .0')1!$'."0 "B +)*./2.+!)') (&,)!#"%. ,!"#%)*+@

T.'( '() 2)L0.'."0 "B '() .0.'.$% :$%-)+ U0 = un $02 V0 = vn B"! '() '.*) +'),

B!"* tn '" tn+19 '() 1)0)!$% s/+'$1) SS 78 +()*) B"! ;M@PP< !)$2+

Uk =
k−1∑

l=0

(αklUl + τβklVl) ,

MεVk =

k−1∑

l=0

(αklVl + τβkl (−SµUl − MσVl + j(tl))) ,

un+1 = Us,

vn+1 = Vs,

;M@PU<  !" #$"%"$&'()*+ *, %-.#/"())(- )% ).#*$('+( 1"'2%" )( )% $"/'("3 (* "+"$4-5 6*$" #$")%"/-7,*$ %-.#/"() )+("4$'(*$% (!" "$$*$ )+ (*('/ "+"$4- 8)// $".')+ 8)(!)+ ' "$(')+ .'$4)+ (!$*24!*2((!" "+()$" ()." )+("4$'()*+5! !"%" &'/2"% '##"'$ )+ ' +'(2$'/ 8'- )+ (!" '.#/)9'()*+ .'($)"% *, .*%( ().":)+("4$'()*+."(!*3% 3"%$)1"3 /'("$ )+ (!)% %"()*+
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 !"#" k = 1, . . . , s  !$%" αkl &'( βkl &#" )!" +",$"')- $' )!" ../01 2")!+(3

455%6$'7 893:;< )+ )!" )"-) "=>&)$+' 893:?<@ )!" &25%$A&)$+' +5"#&)+# Ms
ssp +B &'

sC-)&7" ../01 2")!+( $-

Mk
ssp =

k−1∑

l=1

BklMl−1
ssp  $)! Bkl = αkl

(
1 0
0 1

)
+ βkl

(
0 1
z2
λ −zγ

)
, 893:D<

 !"#"@ &7&$'@ k = 1, . . . , s &'( M0
ssp $- )!" $("')$)63 E" -!+ )!" -)&F$%$)6 #"7$+'-

+B -"G"#&% ../01 -!"2"- $' H$7>#" 93I@  !"#"  " #"B"# )+ &' sC-)&7" p)!C+#("#
../01 2")!+( &- ../018s@p<3 J) $- $25+#)&') )+ "25!&-$-" )!&) &'6 8-)&'(&#(
&-  "%% &- K'+'-)&'(&#(L ->! &- ../< "M5%$$) sC-)&7" p)!C+#("# 01 2")!+(-  $)!

s = p !&- )!" -&2" &25%$A&)$+' 2&)#$M3 J' )!+-" &-"- )!" !+$" +B +",$"')-
+'%6 (")"#2$'"- )!" ../ 5#+5"#)6 &'( '+) )!" -!&5" +B )!" -)&F$%$)6 #"7$+'3 H+#

)!" &-"-  !"' s = p+1@  " ($-5%&6 )!" -)&F$%$)6 #"7$+'- +B )!" 2")!+(- )!&)  "#"
("#$G"( &'( &'&%6-"( $' N;9@ ??@ IO℄3 Q!" 5%+)- ->77"-) )!&) $'#"&-$'7 )!" '>2F"#

+B -)&7"-@  !$%" R""5$'7 )!" 5+%6'+2$&% +#("# AM"(@ #"->%)- $' & 2+#" B&G+>#&F%"

)$2"C-)"5 #"-)#$)$+' B+# )!" +'(>)$+' 5&#) S +'" )!&) 2+#" )!&' +T-")- )!" +-)

+B $')#+(>$'7 &' &(($)$+'&% -)&7" &) "&! )$2" -)"53 Q!$- $- $' %$'"  $)! R'+ '

#"->%)- B+# )!" %$'"&# &(G")$+' "=>&)$+' N;9@ ??℄3 U"G"#)!"%"--@ "M5%$$) ../01

2")!+(- )#"&) )!" +'(>)$+' )"#2@ &-  "%% &- )!"  &G" )"#2@ "M5%$$)%6@  !$!

"')&$%- & )$2"C-)"5 +'($)$+' )!&) $- )++ #"-)#$)$G" "G"' B+# 2+("#&)"%6 +'(>)$G"

2&)"#$&%- 8-"" '"M) -")$+'<3 U+)" )!&) )!" -"+'(C+#("# 2")!+(- &#" +'%6 -)&F%"

B+# zγ > 0@ $3"3 B+# σ > 03

 !"!# $%&'%()*)%+ &,*-%.(

V+25+-$)$+' 2")!+(- NW;@ 9X@ ?;℄ &#" "-5"$&%%6 ->$)&F%" B+# 7"+2")#$ $')"7#&)$+'

N?X℄ &'( )!>- B+# )!" )$2" $')"7#&)$+' +B A#-)C+#("# Y&2$%)+'$&' -6-)"2-3 Z>#

("-#$5)$+' +B )!" +25+-$)$+' 2")!+(- !"#" -)#$)%6 B+%%+ - )!&) $' N::℄ &'(  "

#"B"# )+ )!&)  +#R B+# 2+#" (")&$%-3

Q!" -"+'(C+#("# +25+-$)$+' 2")!+( B+# 893::< $- ("A'"( &-

un+1/2 − un

τ
=

1

2
vn,

Mε
vn+1 − vn

τ
= −Sµun+1/2 −

1

2
Mσ(vn + vn+1) +

1

2
(j(tn) + j(tn+1)) ,

un+1 − un+1/2

τ
=

1

2
vn+1,

893:O<

 !$! $- &R$' )+ )!" >F$=>$)+>- %"&5B#+7 -!"2"@  $)! )!" +'%6 ($T"#"'" F"$'7 $'

)!" )#"&)2"') +B )!" -+>#" )"#2 8B3 N?9℄<3 JB &55%$"( )+ )!" )"-) 2+("% 893:?<@ $)

!&- )!" &25%$A&)$+' 2&)#$M

Mco2 =

(
1 − 1

2z2
λ + 1

2zγ 1 − 1
4z2

λ

−z2
λ 1 − 1

2z2
λ − 1

2zγ

)
, 893I[<
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 !"#$% &'()  !"#$%$!& '()$*+, -,."/(/ "'(",0 1*' ,(2('"% (34%$$!   678-s9p0 :(!.*/,9
;.('( s $, !.( +<:#(' *1 ,!")(, "+/ p $, !.( *'/(' *1 !.( :(!.*/= >*!( !."! "%% (34%$$!
78 :(!.*/, ;$!. s = p ."2( !.( ,":( ,!"#$%$!& '()$*+, ",   678-s9p0 ;$!. s = p -%(1!
*%<:+0=
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 !"! $%&'"() &!$ )&'*"("&+ ,-.,$-&"$)/ zλ ≤ 2 "0 zγ = 0 '%1 zλ < 2 "0 zγ >
02 3% '&&-'&"4$ 0$'&5-$ .0 &!") 6$&!.1 .4$- $7,(""& 89 6$&!.1) ") &!'& "& ")

5%.%1"&".%'((+ )&'*($  "&! -$),$& &. &!$ .%15&".% &$-62

:% ,-"%",($; "& ") ,.))"*($ &. .%)&-5& '% '-*"&-'-+ !"<!=.-1$- .6,.)"&".%

6$&!.1 >?@℄2 :% &!") !',&$-; !. $4$-;  $ '-$ .%(+ "%&$-$)&$1 "% '& 6.)& 0.5-&!=

.-1$- '5-'&$ 6$&!.1) ).  $  "(( %. .%(+ 1")5)) &!$ 0.5-&!=.-1$- .6,.)"&".%

6$&!.12 B$ 1$C%$ &!$ "%"&"'( 4'(5$) 0.- &!$ "%%$- &"6$ )&$, ') U0 = un '%1

V0 = vn; &"6$ ($4$() tu; tv 0.- u; v '%1 .$D"$%&)

β0 = α0 = 0, β1 = α5 = 14−
√

19
108 , β2 = α4 = −23−20

√
19

270 ,

β3 = α3 = 1
5 , β4 = α2 = −2+10

√
19

135 , β5 = α1 = 146+5
√

19
540 .

E!$ 0.5-&!=.-1$- .6,.)"&".% 6$&!.1 >?@; FG; HH℄ 0.- IF2HHJ %. -$'1)

Uk − Uk−1

τ
= (βk + αk−1) Vk−1,

Mε
Vk − Vk−1

τ
= βk

(
−SµUk − MσVk−1 + j(tvk−1)

)
+ αk (−SµUk − MσVk + j(tvk)) ,

vn+1 = Vs,

un+1 = Us + αsτVs,
IF2KHJ

 !$-$ k = 1, . . . , s; s = 5 ") &!$ %56*$- .0 "%&$-%'( &"6$ ($4$(); '%1 tvk = tn +(α̃k +

β̃k)τ '%1 tuk = tn + (α̃k−1 + β̃k)τ  "&! &!$ .$D"$%&) α̃k = α1 + · · · + αk '%1

β̃k = β1 + · · · + βk2

E!$ '6,("C'&".% .,$-'&.- .0 IF2KHJ  !$% ',,("$1 &. IF2HLJ ") &!$%

1∏

k=5

1

1 + αkzγ

(
1 + αkzγ (1 + αkzγ) (αk−1 + βk)

− (αk + βk) z2
λ 1 − βkzγ − (βk + αk−1) (βk + αk) z2

λ

)
. IF2KKJ

3% "6,.-&'%& ,-.,$-&+ .0 '%+ 0.5-&!=.-1$- .6,.)"&".% 6$&!.1 ") &!'& "& "%$4"&'*(+

.%&'"%) ' %$<'&"4$ .$D"$%&;  !"! "% .5- ')$ ") α4 = β22 E!") $%&'"() ' )&'*"("&+

-$)&-"&".% &!'& ") .%1"&".%'( $4$% 0.- '% "6,(""&(+ &-$'&$1 .%15&".% &$-62 E!")

") "((5)&-'&$1 "% M"<5-$ F2?;  !$-$ ,'-&) .0 &!$ 5,,$- -"<!& !'(0 .0 &!$ )&'*"("&+

-$<".% 0.- IF2KHJ ") )!. %2 N&'*"("&+ ") <5'-'%&$$1 ') (.%< ') zγ < 2.4 '%1 zλ < 3;

.- $O5"4'($%&(+; "0 τ < 2.4/γ '%1 τ < 3/
√

λ2

 !"!# $%&'()*%'+,' -.%/0. 12)0'+4%5 ,6('07%.0(2%5

3) '(-$'1+ 6$%&".%$1 "% &!$ ,-$4".5) )$&".%;  !$% σ > 0 &!$ )&'*"("&+ .%1"&".%
6'+ *$ 4$-+ -$)&-"&"4$ $4$% 0.- 6.1$-'&$(+ .%15&"4$ 6'&$-"'()2 :% &!$)$ ')$);

!"<!=.-1$- .6,.)"&".% 6$&!.1) '%1 NNP89 6$&!.1) '-$ %.& .6,$&"&"4$2 :%=

)&$'1; .%$  .5(1 ,-$0$- &. 5)$ $7,(""& 6$&!.1)  !"! &-$'& &!$ .%15&".% &$-6

"% '% 5%.%1"&".%'((+ )&'*($ 6'%%$-2 N"%$ &!$ )$.%1=.-1$- .6,.)"&".% 6$&!.1

") )5! ' 6$&!.1; $7&$%1"%< "& &. !"<!$- .-1$- &!-.5<! 8"!'-1).% $7&-',.('&".%

") '% .*4".5) '(&$-%'&"4$2 B$ -$0$- &. >HH℄ 0.- ' 1$&'"($1 1")5))".% .% &!$ )&'*"("&+
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 !"#$% &'()  !"#$%$!& '()$*+ ,-."/(/ "'("0 *1 !.( 1*2'!.3*'/(' *56*-$!$*+ 5(!.*/7 8.(
'$).! 6%*! 9**5- $+ *+ !.( '()$*+ :.('( -!"#$%$!& $- )2"'"+!((/7 ,;17 <$)2'( =7> $+ ?>>℄70

 !" #!$%#& "' $(# '")!$(*"!+#! ,"., ./+ 0,"1., 2#!&%"/& "' $(# 3%(.!+&"/ #4$!. "*

,.$%"/5 6#!# 7# 8!&$ !#.,, $(# "/&$!)$%"/ "' $(# '")!$(*"!+#! 0,"1., 3%(.!+&"/

#4$!. ",.$%"/ 9:;<=>

ugex4
τ =

4

3
uco2

τ
2

− 1

3
uco2

τ , 9?5@A>

7(#!# uco2
τ
2

./+ uco2
τ +#/"$# $(# !#&),$& .$ 8/., $%B# "B )$#+ 1C $(# &#"/+*"!+#!

"B "&%$%"/ B#$("+ 7%$( $%B# &$# & τ
2 ./+ τ D !#& #$%2#,C5 E%/# #4$!. ",.$%"/

"/,C $.F#&  ,.# "/# .$ $(# 8/., $%B# "' $(# %/$#0!.$%"/D $(%& B#$("+ (.& $(# &.B#

&$.1%,%$C  !" #!$%#& .& $(# &#"/+*"!+#! "B "&%$%"/ B#$("+5 G"$# $(.$ %$ "/,C

/##+& $(!## $%B#& .& B)( "B )$.$%"/., 7"!F  #! $%B# &$# 5

H"! ,"/0 $%B# %/$#0!.$%"/ ./+ %/ $(# .1&#/# "' +.B %/0D 0,"1., #4$!. ",.$%"/

B.C /"$ 1# &)I%#/$,C #J#$%2# %/ .//%(%,.$%/0 ,#.+%/0 #!!"! $#!B&5 K/ $(#&# .&#&D

$(# ,"., 2#!&%"/ "' 3%(.!+&"/ #4$!. ",.$%"/ L 7(#/ $(# #4$!. ",.$%"/ %&  #!'"!B#+

.$ #.( $%B# &$# L %& )&).,,C B"!# 1#/#8%.,5 M(# ,"., 2#!&%"/ "' 9?5@A> %&D ("7#2#!D

/"$ )/"/+%$%"/.,,C &$.1,# 7%$( !#& #$ $" zγ 5 K/&$#.+D 7# ./ )&# $(# '")!$(*"!+#!

,"., #4$!. ",.$%"/ 9N;<=> +#8/#+ .&

ulex4
τ =

9

8
uco2

τ/3 −
1

8
uco2

τ , 9?5@=>

7(#!# $(# 7"!F  #! $%B# &$# %& .  !"4%B.$#,C '")! $%B#& .& B)( .& $(.$ "' OP@5

M(# .B ,%8.$%"/ " #!.$"! "' N;<= '"! $(# $#&$ B"+#, 9?5QR> !#.+&

9

8
M3

co2(zλ/3, zγ/3) − 1

8
Mco2(zλ, zγ), 9?5@?>

7(#!# Mco2(zλ, zγ) +#/"$#& $(# .B ,%8.$%"/ " #!.$"! 9?5@S> "' OP@5 H%0)!# ?5=

&("7& $(# .&&"%.$#+ &$.1%,%$C !#0%"/ SD 7(%( %/+%.$#& ./ .  !"4%B.$# &$.1%,%$C

%/$#!2., 0 ≤ zλ ≤ 2.85 ./+ )/"/+%$%"/., &$.1%,%$C '"! zγ 5
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 !"#$% &'()  !"#$%$!& '()$*+ ,-."/(/ "'("0 *1 !.( 1*2'!.3*'/(' %*"% 5$."'/-*+ (6!'"7*3
%"!$*+ ,89:;09 <.( '$).! 7%*! =**>- $+ *+ !.( '()$*+ ?.('( -!"#$%$!& 1*' ?"@( !('> zλ $-
)2"'"+!((/9  !"#$%$!& 1*' !.( *+/2!$*+ !('> zγ $- 2+*+/$!$*+"%9

 ! "#$%&')* %+,%&'$%-./

 ! "#$% %&"$(!) *& +&,-(,. !/.&,$01 "&%"% "( &%"021$%# "#& (!3&,4&!& ,0"&% (- "#&

-/115 6$%,&"& %5%"&.% "#0" ,&%/1" -,(. "#& %+0"$01 0!6 "$.& 6$%,&"$%0"$(!% 6&%,$2&6

$! "#& +,&3$(/% "*( %&"$(!%7 8& 01%( 0,,5 (/" 0 !/.&,$01 6$%+&,%$(! 0!015%$% (-

"#& %&.$9 0!6 -/115 6$%,&"& %5%"&. *$"# :; %+0"$01 6$%,&"$%0"$(!7 <#$% $% 6(!&

$! "#& -(11(*$!4 *05=  ! %(13& "#& "$.&9#0,.(!$ &$4&!301/& +,(21&.) *#$# (,,&9

%+(!6% "( "#& %&.$96$%,&"& %5%"&. *$"# >(/,$&, .(6& $!$"$01 (!6$"$(!%?   ! 0++15 0

#(%&! "$.&9$!"&4,0"$(! .&"#(6 "( "#& "&%" .(6&1 @A7BCD *$"# "#& (.+/"&6 %&.$9

6$%,&"& !/.&,$01 -,&E/&!57 <#$% 0++,(0# #0% "*( .0$! 0630!"04&% (3&, %$.+15

%(13$!4 "#& &$4&!301/& +,(21&. "#0" ,&%/1"% -,(. 0++15$!4 "#& 0.+1$F0"$(! .0",$G

6$,&"15 "( @A7BBD7 >$,%") $" $% .(,& &H$&!" 2&0/%& *& %(13& 0! &$4&!301/& +,(21&.

"#0" $% %.011&, 0!6 01*05% %5..&",$7 I&(!6) $" .0J&% $" +(%%$21& "( %"/65 "#&

6$%+&,%$(! @0!6 6$%%$+0"$(!D +,(+&,"$&% (- "#& "$.&9$!"&4,0"$(! %#&.& %&+0,0"&15

-,(. "#(%& (- "#& %&.$96$%,&"& %#&.&7

 ! !" #$%&'()'%' +%, $-.+(/0$% $1 .'(1$(-+%'

8& /%& 0 %$.+1& "&%" &G0.+1& "( $11/%",0"& "#& !/.&,$01 +&,-(,.0!& (- "#& "*(

%+0"$01 6$%,&"$%0"$(! "&#!$E/&% 6&%,$2&6 $! I&"$(! A7K7 >(, 2("# .&"#(6%) "#&

+,&6$"&6 (!3&,4&!& ,0"& (- "#& %&.$96$%,&"& %5%"&. $% O(hp+1) $! "#& L2(Ω)
!(,. 0!6 O(hp) $! "#& &!&,45 !(,. -(, %.(("# %(1/"$(!%? %&& -(, &G0.+1& LAC) MC)

CN) OO) OM℄7  " $% "#/% !0"/,01 "( #((%& "#& "$.&9$!"&4,0"$(! .&"#(6 %/# "#0" $"

4/0,0!"&&% 0" 1&0%" "#& %0.& (,6&, (- (!3&,4&!&7 <#&,&-(,&) $- "#& +(15!(.$01

(,6&, $! "#& >QR $% 0" .(%" (!& *& /%& "#& %&(!69(,6&, (.+(%$"$(! .&"#(6?

$- "#& +(15!(.$01 (,6&, $% "*( (, "#,&& *& 0++15 (!& (- "#& +(%%$21& -(/,"#9(,6&,

.&"#(6% 6&%,$2&6 $! I&"$(! A7M7



  ! "#$%&'( )* +, -. /0102'

 !" #$%"&')* +",+, )&" '%-*"%"#+". '# hp/01 234℄6 ) 7"#"&)* 8#'+" "*"%"#+

-)9)7" ,$'+):*" ;<& ,<*='#7 ) =)&'"+> <; -!>,')* -&<:*"%, '# ?$'. .>#)%', )#.

"*"+&<%)7#"+',%@  < '#+"7&)+" +!" ,"%'A.',&"+" ,>,+"% '# +'%" B" $," C0 D

2E℄6 B!'! ', -)&+'$*)&*> "F'"#+ '# <%-$+'#7 %)+&'GA="+<& %$*+'-*')+'<#, )#.

,<*='#7 *'#")& ,>,+"%, ;<& *)&7" ,-)&," %)+&'",@ H, ) ,+<--'#7 &'+"&'<# '# +!" *'#")&

,<*="& ;<& +!" H(curl)A<#;<&%'#7 %"+!<.6 B" ,"+ +!" +<*"&)#" )+ tol = 10−8@

I# +!" "G)%-*"6 B" <#,'."& JE@KL '# +!" $:' .<%)'# Ω = (0, 1)
3
@ M" ."8#"

+!" +'%"A'#."-"#."#+ 8"*.

Ē(x, y, z) =




sin(πy) sin(πz)
sin(πz) sin(πx)
sin(πx) sin(πy)





)#. !<<," +!" ,<$&" +"&% +< :"

−∂J

∂t
=

(
εrη

′′(t) + ση′(t) + 2π2η(t)
)
Ē(x, y, z).

 !$, +!" "G)+ ,<*$+'<# &").,

E(t, x, y, z) = η(t)Ē(x, y, z), η(t) =

3∑

k=1

cos ωkt, JE@43L

B'+! ω1 = 16 ω2 = 1/26 ω3 = 1/36 εr = 1@ M" "'+!"& ,"+ σ = 0 <& σ = 60π6 )#. B"
'#+"7&)+" $#+'* 8#)* +'%" Tend = 12π J"G)+*> <#" +'%" -"&'<.L@

M!"# +!" 7*<:)**> H(curl)A<#;<&%'#7 .',&"+',)+'<# 2E36 NE℄ ', $,".6 B" #"".
+< ,<*=" ) *'#")& ,>,+"% )+ ")! +'%" ,+"-@ D'#" +!" %)+&'G Mε ', -<,'+'=" ."8#'+"6

) #)+$&)* !<'" <; *'#")& ,<*="& ', +!" -&"<#.'+'<#". <#O$7)+" 7&).'"#+ JCP/L

%"+!<.@ Q<& ,'%-*''+>6 B" )--*> +!" '#<%-*"+" P!<*",9> -&"<#.'+'<#"& ;<& )**

%",!", )#. -<*>#<%')* <&."&,@ M" "%-!),'," +!)+ -&"<#.'+'<#'#7 ', #<+ )# ',,$"

;<& +!" R/ %"+!<. ,'#" B" )# ,'%-*> '#="&+ +!" :*<9A.')7<#)* %),, %)+&'G )+

#"7*'7':*" <,+@

H, ) 8&,+ "G)%-*"6 B" &$# JE@43L B'+! σ = 0 )#. 8#)* +'%" Tend = 12π6 <# )
,"S$"#" <; ,+&$+$&". %",!", B'+! Nel = 5, 40, 320, 2560, 20480, 163840 "*"%"#+,@
I# ")! %",! +!" *)&7",+ ;)" .')%"+"& h ', "G)+*> !)*; +!)+ <; +!" -&"='<$, %",!@
M" -*<+ +!" <#="&7"#" &)+", '# Q'7$&" E@E '# :<+! +!" L2(Ω)A#<&% )#. +!" "#"&7>

#<&% ;<& -<*>#<%')* <&."&, p = 1, 2, 3@ T<+" +!)+ +!" <#="&7"#" ', ,!<B# ), )
;$#+'<# <; ."7&"", <; ;&"".<%6 B!'! ', "S$'=)*"#+ +< ,!<B'#7 +!" <#="&7"#" ),

;$#+'<# <; 1/h '# +!" R/ ),"@ U<B"="&6 '# +!" H(curl)A<#;<&%'#7 )," +!"&" ',
,<%" .'V"&"#" :"+B""# +!" +B<6 ), +!" #$%:"& <; ."7&"", <; ;&"".<% 7"#"&)**>

'#&")," ,*'7!+*> %<&" +!)# "'7!+;<*. B!"# h ', !)*=".@ T"="&+!"*",,6 B" )# ,"" +!)+
+!" "G-"+". <#="&7"#" &)+", )&" )!'"=". ),>%-+<+')**> ;<& :<+! +!" R/ )#.

+!" H(curl)A<#;<&%'#7 %"+!<.,@ M" )# )*,< <:,"&=" +!)+ '+ +)9", ;"B"& ."7&"",
<; ;&"".<% ;<& +!" H(curl)A<#;<&%'#7 .',&"+',)+'<# +< &")! ) 7'="# )$&)>@  !" #$%&'()" *# (+(*,(-," (&  !!"#$$%%% &'()'*! )+!%(,!(),-$. "/('0(1 %)"" $% !()/"



 ! "#$%&')* %+,%&'$%-./ 001

 !"#$%"&'"%( )% +, ',-"& #$% )%../%0#+1.20$%3 '10%"4+#2', #$+# #$% !0% '5 $26$/

'"3%" +77"'82&+#2',0 7+90 ': ;+# .%+0# 5'" 0&''#$ 0'.!#2',0< 2, #%"&0 '5 +!"+9

7%" 3%6"%%0 '5 5"%%3'&=

>' 6+2, 5!"#$%" 2,026$# 2,#' #$% '&7!#+#2',+. '0#0 '5 #$% #2&% 2,#%6"+#2',(

)% 0$') #$% 7%"5'"&+,% '5 #$% ?@ &%#$'3 2, >+1.%0 A +,3 AAAB +,3 #$+# '5 #$%

H(curl)/',5'"&2,6 &%#$'3 2, >+1.%0 AA +,3 AC= A, #$20 7+"#2!.+" %8+&7.%( )% !0%
+ 0#"!#!"%3 &%0$ )2#$ DEF %.%&%,#0 +,3 +, !,0#"!#!"%3 ',% )2#$ GDE %.%&%,#0= 

H.#$'!6$ #$% +!"+9 '5 #$% #)' &%#$'30 20 '&7+"+1.%( #$% '&7!#+#2',+. '0#0

+"% ,'# +,3 #$% 7+##%", $+,6%0 3"+&+#2+..9 +0 #$% '"3%" 2,"%+0%0= >$% #'#+.

,!&1%" '5 &+#"28/4%#'" &!.#27.2+#2',0 ;&+#4%0< ,%%3%3 #' 2,#%6"+#% !,#2. Tend

20 +.)+90 $26$%" 5'" #$% H(curl)/',5'"&2,6 +0% #$+, 5'" #$% ?@ &%#$'3= >$20

20 ,'# 0!"7"202,6 624%, #$+# +# %+$ #2&% 0#%7 + .2,%+" 090#%& $+0 #' 1% 0'.4%3=

I')%4%"( #$20 0%%&2,6.9 !,5+4'!"+1.% 7"'7%"#9 3'%0 ,'# &+,25%0#0 2#0%.5 2, .',6%"

'&7!#+#2',+. #2&% 5'" p = 1 +,3 p = 2 ', 0#"!#!"%3 &%0$%0( #$+,J0 2, 7+"# #'
#$% 0&+..%" 02K% '5 #$% 090#%& +,3 2, 7+"# #' + )%+J%" #2&%/0#%7 "%0#"2#2', 2, #$%

H(curl)/',5'"&2,6  LM= >$% 02#!+#2', 20 32:%"%,# 5'" p = 3= I%"%( #$% 2,"%+0%3
,!&1%" '5 &+#4%0 #"+,0.+#%0 "%+32.9 2,#' &'"% NOP #2&% ', 1'#$ 0#"!#!"%3 +,3

!,0#"!#!"%3 &%0$%0= >$20 20 7+"#.9 1%+!0% '5 + #"+3%/': 1%#)%%, #$% ',32#2',2,6

'5 #$% &+00 &+#"28 +,3 #$% !0% '5 #$% $2%"+"$2 1+020= M+00 &+#"2%0 1+0%3 ',

$2%"+"$2 1+0%0 #%,3 #' 1% "%.+#24%.9 1+3.9 ',32#2',%3= >$20 3'%0 ,'# 2,Q!%,%

#$% 7%"5'"&+,% '5 #$% ?@ &%#$'3= R!# 2# "%,3%"0 #$% H(curl)/',5'"&2,6 &%#$'3
.%00 %:%#24% 1%+!0% #$% ,!&1%" '5 2#%"+#2',0 2, 0'.42,6 #$% .2,%+" 090#%& +# %+$

#2&% 0#%7 6"')0 026,2-+,#.9 )2#$ #$% 7'.9,'&2+. '"3%"= >$20 %:%# 20 %4%, &'"%

7"','!,%3 ', !,0#"!#!"%3 &%0$%0( )$%"% ?@ 7%"5'"&0 0.26$#.9 1%##%" 5'" p = 2
+."%+39 +,3 )$%"% #$% H(curl)/',5'"&2,6 '&7!#+#2', 5'" p = 3 20 %8%0024%.9

.',6 S )$2$ 20 ',% "%+0', )$9 )% ',.9 '&7.%#%3 ',% '5 #$%&=

>$% $'2% '5 #$% #2&%/2,#%6"+#2', &%#$'3 3'%0 ,'# 2,Q!%,% #$% '&7!#+#2',+.

"%0!.#0 &!$ 2, #$20 %8+&7.%= T%4%"#$%.%00( ULVG +77%+"0 #' 1% #$% &'0# %W2%,#

#$+,J0 #' #$% 1+.+,% 1%#)%%, #$% +..')+1.% #2&%/0#%7 02K% +,3 #$% '&7!#+#2',+.

)'"J ,%%3%3 7%" #2&% 0#%7= X% +.0' ,'#% #$+# 5'" #$20 7+"#2!.+" &%0$ #$% !0% '5

5'!"#$/'"3%" #2&%/2,#%6"+#2', &%#$'30 &+9 ,'# 1% ,%%00+"9 %4%, 5'" p = 2, 3= >$20
20 0'.%.9 1%+!0% #$% 07+#2+. %""'" 20 ,'# 9%# 2, #$% +09&7#'#2 "%62&% +,3 #$%"%5'"%

3'&2,+#%0= X% #+J% + .'0%" .''J +# #$20 0$'"#.9 2, #%"&0 '5 ,!&%"2+. 3207%"02',

+,3 320027+#2',=

Y, 0#"!#!"%3 &%0$%0( )% "%7%+# %8+&7.% ;Z=E[< )2#$ ',3!#242#9 σ = 60π(
)$2$ '""%07',30 #' #$% 32&%,02',+. 4+.!% σ̃ = 0.5 S m−1( #972+. '5 #$% $!&+,

+13'&%,= >$% ',4%"6%,% "%0!.#0 +"% 0$'), 2,  26!"% Z=[( 5"'& )$2$ 2# +77%+"0

#$+# #$%9 +"% 02&2.+" #' #$% ,',',3!#24% +0% %8%7# #$+# '7#2&+. "+#%0 '5 ',/

4%"6%,% +"% "%+$%3 0'',%"= Y, !,0#"!#!"%3 &%0$%0( #$% %8+&7.% 20 "%7%+#%3

)2#$ ',3!#242#9 σ = 450π( + 4+.!% &'"% #972+. '5 0%+)+#%"= \%% >+1.% C 5'" #$%

',3!#242#9 '5 + 0&+.. 0%.%#2', '5 &+#%"2+.0!=  !"#$ %& '() %* +'( ,",*-$".*- /# #01/"3, ,% %!4-*" ,$" ./5"*"3, !",$%.# &*%! ,$" 4%/3,%& 6/"7 %& -0*-8 -3. %!40,-,/%3-9 7%*:;  <3"* !"#$ 7%09. 3-,0*-998 =/6" - !%*" -0*-,"#%90,/%3 >0, ,$" *"9-,/6" 4"*&%*!-3" %& ,$" !",$%.# 7%09. *"!-/3 ,$" #-!";!?%0*"@  !"#$%$& '$(")*+,#$%$,-. 0*$(.1)!'20$3$04



 !" #$%&'() *+ ,- ./ 01213(

 !"#$ %&  !"#$%&%'!(&) !+%+ !, %-. /0 ".%-!1 ,!2 .3&"#). 456789 :'%- σ = 06 ;
+%2$%$2.1 ".+- !, <7= .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 4567 8938:6!;78 6<3= 7978=: 5-

p = 2 .23 >=77 898=>=!;73 :<63 797877 886-

p = 2 ?@A6 >=77 893474!;73 33=36 797877 463-

p = 3 .26 8>377 :97643!;76 4<8>3 79787: 3784-

p = 3 ?@A6 8>377 >97865!;76 48=:3 7977:8 85=4-

p = 3 B@A6 8>377 =98:=3!;76 358<6 79787: 8=34-

 !"#$ %%&  !"#$%&%'!(&) !+%+ !, %-. H(curl)?!(,!2"'(@ ".%-!1 ,!2 .3&"#). 456789 :'%-
σ = 06 ; +%2$%$2.1 ".+- !, <7= .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 <76 39:354!;78 ::54 79768: 3-

p = 2 .23 3455 894=63!;73 <>378 7973<7 5:-

p = 2 ?@A6 3455 893>63!;73 8577=: 7973<7 3=6-

p = 3 .26 ==67 :9688:!;76 58:557 7973=5 8>=54-

p = 3 ?@A6 ==67 :9:<34!;76 :4=3:= 7978:> 8:6>3-

p = 3 B@A6 ==67 59<346!;76 =<4=88 7973=5 8<<87-

 !"#$ %%%&  !"#$%&%'!(&) !+%+ !, %-. /0 ".%-!1 ,!2 .3&"#). 456789 :'%- σ = 06 ;(
$(+%2$%$2.1 ".+- !, A<7 .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 <856 89><54!;78 885:5 7977=4< 68-

p = 2 .23 83>=7 8944>=!;73 8>:>= 7977458 63>-

p = 2 ?@A6 83>=7 89648=!;73 <>456 7977458 83=4-

p = 3 .26 3<>37 896488!;74 >34:3 7977675 :<5<-

p = 3 ?@A6 3<>37 89<<<5!;74 54846 79773:3 =:6>-

p = 3 B@A6 3<>37 896745!;74 :45>5 7977675 <>7>-

C#! $ DE"*"1$F*G H$)IJ %!D1"!% 1F C*KG!- LMNMAJ *G-$ -#$H- * -1 1G*) D*""!)F

"$ "#! $F%E"1$F;O)!! *-!J !P!D" H#!F "#! O$E)"#;$)%!) $ D$-1"1$F  !"#$% 1-

E-!%9 MF "#*" *-!J "#! $F%E"1$F "!) D$-!- * -")1"!) "1 !;-"!D -1Q! "#*F "#!

H*+! "!) *F% 1F)!*-!- "#! FE K!) $O "1 ! -"!D- *F% "#E- "#! $ DE"*"1$F*G

$-"9 2F "#! -")E"E)!%  !-# H1"# 437 !G! !F"- *F% σ = 60πJ "#1- $FGR *S!"- "#!
H(curl);$FO$) 1FT %1-)!"1-*"1$F K!*E-! "#! -"1SF!--  *")1P 1F "#! '?  !"#$%
#*- * -1TF1U*F"GR G*)T!) -D!")*G )*%1E- V*F% "#!)!O$)! 1" -"1GG %!"!) 1F!- "#! -"*;

K1G1"R $F%1"1$FW9 2F "#! EF-")E"E)!%  !-# H1"# 643 !G! !F"- *F% σ = 450πJ
#$H!+!)J 1" *G)!*%R *S!"- "#! '? %1-)!"1-*"1$F "$$9 C#1- 1F%1*"!- "#*" G*)T! +*G;
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 !"#$% &'&(  !"#$%&$"$ ()!*+ ," *-$ L2."!%/ 0)$1* !)2/"3 4"5 ," *-$ $"$%&6 "!%/
0%,&-* !)2/"3 1!% *$+* $74/()$ 089:;3 <,*- σ = 09 =" $4- ()!* *-$ !"#$%&$"$ %4*$+
!1 *-$ >? /$*-!5 4"5 *-$ H(curl).!"1!%/,"& /$*-!5 4%$ +-!<" 4)!"& <,*- *-$ $7($*$5
!%5$% !1 !"#$%&$"$9



 !! "#$%&'( )* +, -. /0102'

 !"#$ %&'  !"#$%&%'!(&) !+%+ !, %-. H(curl)/!(,!0"'(1 ".%-!2 ,!0 .3&"#). 456789
:'%- σ = 06 ;( $(+%0$%$0.2 ".+- !, <=7 .).".(%+ '+ $+.2 :'%- +#&%'&) #!)>(!"'&) !02.0+
p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 455 678669!:;6 99<86 ;7;39=; 6=-

p = 2 .23 953; 674385!:;3 6<8638 ;7;6538 8<9-

p = 2 >?@5 953; 67==<;!:;3 5;<4=5 ;7;6538 344=-

p = 3 .25 89<; A B6!C;4 ;7;6D9; BD!C;D-

p = 3 >?@5 89<; 678<4<!:;9 3699458; ;7;6;3; 4=3<54-

p = 3 E?@5 89<; A B6!C;4 ;7;6D9; BD!C;D-

 !"#$ &' ?).%0'&) !(2$%'@'%> !, +!". "&%.0'&)+ ".&+$0.2 '( A'.".(+ #.0 ".%0.
4S m−196 B!0 %-. 2'".(+'!().++ @&)$. & "$)%'#)'&%'!( C> 120π '+ (..2.26 A!$0.D !"#$%$& '$(")*+,#$%$,-. 0*$(.1)!'20$3$046
F*"!)1*G .$H%I"1+1"J KS m−1L M$"!

N1G+!) <97;!C;< O!-" !G!")1*G $H%I"$)

.$PP!) D87<!C;<

>$G% 5D73!C;< .$  $HGJ I-!% 1H !G!")1*G $H"*"-

QGI 1H1I 947=!C;<

N!*R*"!) 57= ($) *+!)*S! -*G1H1"J $T 9D SUVS

WI *H O$%J ;7;;<X67D Y*)1!- T)$ Z$H! "$ -P1H*G [I1%-

')1HV1HS R*"!) ;7;;;DX;7;D

'!1$H1-!% R*"!) D7D!:;< E$R!-" +*GI!\ R1"#  $H$*"$ 1 S*-!-

Q1) D!:6D Y*)1!- -G1S#"GJ %!P!H%1HS $H #I 1%1"J

I!- $T σ P)$#1Z1" "#! I-! $T T$I)"#:$)%!) K$)\ 1H%!!%\ *HJ #1S#:$)%!)L $ P$-1"1$H
 !"#$%-\ *- R!GG *- !]PG11" ^_  !"#$%-\ -I# *- NN/^_7 `H-"!*%\ ^1#*)%-$H

!]")*P$G*"1$H Z*-!% $H "#! -!$H%:$)%!) $ P$-1"1$H  !"#$%  *J Z! I-!% -1H!

"#!J *)! IH$H%1"1$H*GGJ -"*ZG! R1"# )!-P!" "$ "#! $H%I"1+1"J "!) 7 N1 1G*)GJ

"$ "#! $H%I"1$H:T)!! *-! R! V1GG!% "#! H(curl):$HT$) 1HS $ PI"*"1$H- *T"!)
*G $-" -1] %*J- X *G)!*%J -1SH1a*H"GJ  $)! "#*H R#*" "#! '> $ PI"*"1$H- "*V!7

 ! !" #$%&'(*+ ,(-.&'-(/0 *0*+1-(-

b$ 1H+!-"1S*"! "#! %1-P!)-1$H *H% %1--1P*"1$H P)$P!)"1!- $T "#! TIGGJ %1-)!"!

-#! !-\ R! $H-1%!) "#! -! 1:%1-)!"! -J-"! KD766L R1"# σ = 0 *H% j = 0\
(

u′

v′

)
= A

(
u
v

)
R1"# A =

(
0 I

−M−1
ε Sµ 0

)
, KD734L

*H% *--I ! * PG*H! R*+! !]*" -$GI"1$H

E(x, t) = Ê exp(−iωt) exp(ik · x) KD73=L



 ! "#$%&')* %+,%&'$%-./ 012

 !"#$ %&'  !"#$%&%'!(&) !+%+ !, %-. /0 ".%-!1 ,!2 .3&"#). 456789 :'%- σ = 60π6 ;
".+- !, <7= .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 4567 8985:;!<73 6=38 797:8; 5-

p = 2 .23 >877 596366!<74 ;=63 797:77 ::4-

p = 2 ?@A6 >877 596364!<74 33836 797:77 46:-

p = 3 .26 :>377 =9=8:>!<76 4=:>3 797:7; 37:3-

p = 3 ?@A6 :>377 =9=8:3!<76 4:8;3 7977;: :586-

p = 3 B@A6 :>377 =9=8:3!<76 35:=6 797:7; :834-

 !"#$ %&&'  !"#$%&%'!(&) !+%+ !, %-. H(curl)?!(,!2"'(@ ".%-!1 ,!2 .3&"#). 456789
:'%- σ = 60π6 ; ".+- !, <7= .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 =76 :9:;5>!<7: 83=4 7976:; :-

p = 2 .23 3455 :934:=!<73 =847: 7973=7 53-

p = 2 ?@A6 3455 :934:6!<73 :88474 7973=7 36;-

p = 3 .26 8867 ;944=;!<76 :;:;:=; 797:3; 67583-

p = 3 ?@A6 8867 ;944=5!<76 ;46;43 797:;> :;6;3-

p = 3 B@A6 8867 ;944=5!<76 8=4736 797385 :=6>5-

 !"#$ %&&&'  !"#$%&%'!(&) !+%+ !, %-. /0 ".%-!1 ,!2 .3&"#). 456789 :'%- σ = 450π6
;( $(+%2$%$2.1 ".+- !, A<7 .).".(%+ '+ $+.1 :'%- +#&%'&) #!)>(!"'&) !21.2+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 =:56 698:85!<73 ::5;5 797784= 6:-

p = 2 .23 :3>87 59:8=7!<74 :>;>8 797745: 633-

p = 2 ?@A6 :3>87 59:8=7!<74 =>456 797745: :367-

p = 3 .26 3=>37 59=8>7!<76 3337;3 7977:;7 :;878-

p = 3 ?@A6 3=>37 59=8;:!<76 54:46 79773;3 88:5-

p = 3 B@A6 3=>37 59=8>7!<76 ;45>5 7977:48 =>78-

C1"# D!)1$%1 E$FG%*)H $G%1"1$G- *G% Ê = 19 IG J=935KL i2 = −1L ω %!G$"!- "#!

*GMFN*) O)!PF!GHL k = (kx, ky, kz)
T
1- "#! C*+! GF E!)9 Q!"C!!G "#!-! PF*G"1"1!-

"#! J!R*"K %1-D!)-1$G )!N*"1$G ω2 = k2/c2 #$N%- C1"# k2 = k2
x + k2

y + k2
z *G% C1"#

c = 1/ (εrµr)
1/2
L C#1# 1- "#! -D!!% $O N1M#"9

S- * T)-" -"!DL C! D)$U!" "#! !R*" 1G1"1*N $G%1"1$G- E(x, 0) *G% ∂tE(x, 0) $G"$
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 !"#$% &'()  !"#$%&$"$ ()!*+ ," *-$ L2."!%/ 0)$1* !)2/"3 4"5 ," *-$ $"$%&6 "!%/
0%,&-* !)2/"3 1!% *$+* $74/()$ 089:;3 <,*- σ = 60π9 =" $4- ()!* *-$ !"#$%&$"$ %4*$+
!1 *-$ >? /$*-!5 4"5 *-$ H(curl).!"1!%/,"& /$*-!5 4%$ +-!<" 4)!"& <,*- *-$ $7($*$5
!%5$% !1 !"#$%&$"$9



 ! "#$%&')* %+,%&'$%-./ 01 

 !"#$ %&'  !"#$%&%'!(&) !+%+ !, %-. H(curl)/!(,!0"'(1 ".%-!2 ,!0 .3&"#). 456789
:'%- σ = 450π6 ;( $(+%0$%$0.2 ".+- !, <=7 .).".(%+ '+ $+.2 :'%- +#&%'&) #!)>(!"'&)
!02.0+ p = 1, 2, 36

 !"#$% & '$( L2(Ω) !))$) &  *"+!- τ ./0 "1 !

p = 1 .23 455 673589!:;6 <3;58 ;7;3<9; 64-

p = 2 .23 <53; 67<6;3!:;3 6=<5>6 ;7;6538 8<9-

p = 2 ?@A5 <53; 67<6;3!:;3 58;394 ;7;6538 3=44-

p = 3 .25 8<=; B C6!D;4 ;7;6><; C>!D;>-

p = 3 ?@A5 8<=; B C6!D;4 ;7;6;3; C>!D;>-

p = 3 E@A5 8<=; B C6!D;4 ;7;6><; C>!D;>-

"#! FG1"!:!H! !G" -I*!

Ej
h(0) =

(
E(x, 0),ψj

)
Ω

, j = 1 . . . N,

d

dt
Ej

h(0) =
(
∂tE(x, 0),ψj

)
Ω

, j = 1 . . . N.
J>738K

L! *G G$M $N"*1G "#! 1G1"1*H $G%1"1$G- O$) J>734K "#)$PQ# "#! )!H*"1$G- u0 =
u(0) = M−1

εr
Eh(0) *G% v0 = v(0) = u′(0) = M−1

εr

d
dt Eh(0)7 R#! "1 !:!S*" %1-)!"!

($P)1!)  $%! *" "1 ! H!+!H nτ 1- "#!G %!FG!% *-
(

un

vn

)
= νn

(
u0

v0

)
M1"# νn = e−iωhnτ , J>7<;K

M#!)! νn 1- "#! !S*" * IH1F*"1$G O*"$) *G% ωh 1- "#! -! 1:%1-)!"! GP !)1*H

O)!TP!GU7

R$ F)-" -!! "#! 1 I*" $O "#! -I*! %1-)!"1-*"1$G $GHUV M! $G-1%!) "#! -! 1:

%1-)!"! !TP*"1$G

Mεu
′′ + Sµu = 0 J>7<6K

M1"# I!)1$%1 N$PG%*)U $G%1"1$G- *G% * IH*G! M*+! 1G1"1*H $G%1"1$G J>739K7 WG

"#1- *-!V J>7<6K 1- !TP1+*H!G" "$ "#! %1-)!"! "1 !:#*) $G1 X*SM!HH !1Q!G+*HP!

I)$NH! 

Sµu − ω2
hMεu = 0 J>7<3K

M1"# I!)1$%1 N$PG%*)U $G%1"1$G-7 YHH -! 1:%1-)!"! !1Q!G+*HP!- ω2
h $O J>7<3K *)!

)!*H *G% G$G:G!Q*"1+!V M#1# !G"*1H- "#*" "#! -I*! %1-)!"1-*"1$G 1 I$-!- G$ %1--1:

I*"1$G7 WG R*NH! AV M! -#$M "#! GP !)1*H O)!TP!G1!- $O "#! -I*"1*H '? %1-)!"1:

-*"1$G O$) "#! ($P)1!)  $%! M1"# kx = 2π, ky = −2π, kz = 0V 17!7 M1"# !S*" *GQPH*)
O)!TP!GU ωex =

√
8π7 R#! GP N!) $O !H! !G"- O$) !*#  !-# 1- Nel = 5( 1

h )3 *G%
1G !*# !H! !G" "#! H$*H GP N!) $O %!Q)!!- $O O)!!%$ 1- 1

2 (p + 1)(p + 2)(p + 3)7
R$ -$H+! "#! !1Q!G+*HP! %1-)!"! I)$NH! J>7<3K $O "#1- -1Z! "#!  !"#!$ 1 IH! !G:

"*"1$G $O "#! [*$N1:'*+1%-$G 1"!)*"1+!  !"#$% \43V 4<℄ 1- P-!%7 L! G$"! "#*" O$)  !" #$%&'()" *# (+(*,(-," (&  !!"#$$%%%&'(! &))&*+$",-"+,$.+,/0",* %)"" $% !()/"



 !" #$%&'() *+ ,- ./ 01213(

 !"#$ %&  !"#$%#&(!)! *(!+,!-#!& ωh .* )/! 01 "!)/.% )/2) 233(.4#"2)! )/! !42)
*(!+,!-5 ωex =

√
8π

h = 1
2 h = 1

4 h = 1
8 h = 1

16 ωex

p = 1  !"#$%& !"'#&! %"!$() %"%%*%

p = 2 !"#(+% %"!$(& %"%%%(  %"%%*%

p = 3 %"!)#& %"%%(* %"%%*%  %"%%*%

 !"#$ %'& 6(!+,!-5 !((.( ωh −ωex .* )/! 01 &!"#$%#&(!)! &5&)!" 7#)/ !42) *(!+,!-5
ωex =

√
8π

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  *"#$%+,-') )"&))(,-') #")+%',-'$

p = 2 *"%%'',-') #")%+),-'$ $"!&$%,-'+  

p = 3 $"%%&!,-'$ )"()(+,-'+ +"'%*',-'*  

./0,1 2.314,1 5.6,7 /0, 785, 8991.:458/4.; 91.9,1/4,7 899<= 87 <.;> 87 ωhh 47 4;
/0, 785, 1,>4.; 87 70.?; 4; /0, /8@<,7" A0, B1,C3,;= ,11.17 B.1 /0, 785, 5,70,7

8;6 9.<=;.548< .16,17 81, 6,94/,6 4; A8@<, EF" G./, /08/ /0, B1,C3,;= ,11.17

81, 74>;,6H 4;648/4;> 9087, 86I8;,"

A. 4;<36, /0, /45, 4;/,>18/4.; 4; /0, 6479,174.; 8;8<=747 4/ 73J,7 /. 899<=

8 0.7,; /45,-4;/,>18/4.; 5,/0.6 /. /0, /,7/ 5.6,< K*")&L ?4/0 γ = 0" M, 81,
8<<.?,6 /. 6. /08/ @,837, /0, ,4>,;I8<3,7 .B S̃µ 81, /0, 785, 87 /0, ,4>,;I8<3,7

.B M−1
ε SµH /08/ 47 λ = ω2

h" N,/ M 6,;./, /0, 859<4O8/4.; .9,18/.1 .B 8;= .B

/0, /45,-4;/,>18/4.; 5,/0.67 6,714@,6 4; P,/4.; *"#" P. 4;7/,86 .B K*"+'L ?, ;.?

08I, /0, B3<<= 6471,/, 2.314,1 5.6, 8/ /45, <,I,< nτ H

νn+1
h

(
u0

v0

)
= Mνn

h

(
u0

v0

)
, K*"++L

?040 1,63,7 /. /0, ,4>,;I8<3, 91.@<,5

νh

(
u0

v0

)
= M

(
u0

v0

)
. K*"+#L

P.<I4;> /047 ,4>,;I8<3, 91.@<,5 ?4<< 91.63, /?. ,4>,;98417H 1,91,7,;/4;> /?. ?8I,7

?4/0 /0, 785, ?8I, ;35@,1 @3/ /18I,<<4;> 4; .99.74/, 641,/4.;7" M4/0.3/ <.77 .B

>,;,18<4/=H ?, 8; 647816 /0, .;, ?4/0 ;,>8/4I, 1,8< 981/ 8;6 ,7/8@<470 /0, 6479,1-

74I, 8;6 6477498/4I, 91.9,1/4,7 .B /0, B3<<= 6471,/, 70,5, /01.3>0 /0, 1,<8/4.;

νh = e−iωτ
hτ ,

?0,1, ωτ
h 1,91,7,;/7 /0, B3<<= 6471,/, ;35,148< B1,C3,;=" A0, 1,8< 981/ .B ωτ

h

6,O;,7 /0, 8/38< 8;>3<81 B1,C3,;= 4; /0, 6471,/, 6479,174.; 1,<8/4.;H ?04<, 8
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 !"#$ %&&'  !"#$"%' "!!(! )*+(,"- (%.' /' 01" 0)*" )%0"2!30)(%4 Re(ωτ
h) − ωh4 (5 01"

66789:44 3; *"01(- 5(! ,"*)<-),!"0" %$*"!)3. 5!"#$"%)", ωh 03="% 5!(* >3/." ?@

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  !"#!$$%&'( )"*(+(%&'* +"#)*'%&'!

p = 2 #"(+,+%&', !"'-*!%&'* ,")),!%&'!  

p = 3 +"$+$)%&'( #"-')$%&'* #"#+*(%&'!  

 !"#$ %&&&'  !"#$"%' "!!(! )*+(,"- (%.' /' 01" 0)*" )%0"2!30)(%4 Re(ωτ
h) − ωh4 (5 01"

ABC *"01(- 5(! ,"*)<-),!"0" %$*"!)3. 5!"#$"%)", ωh 03="% 5!(* >3/." ?@

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  $"!+-)%&') +"#,)$%&') ("#,!+%&',

p = 2 #",++$%&'+ +"$*!,%&') !")#!+%&',  

p = 3 *"')()%&') #",$)'%&') )"!+$+%&',  

.%/0123% 240/2.056 7051 2.8201%: .;4%520< 82::27012=." > .=.&.%/<2/2?<% 7=:2123%

240/2.056 7051 @=;<8 4%0. 2.:10?2<216"

A% :B=@ 1B% C5%D;%.6 %55=5: =C 1B% 124%&2.1%/5012=. :B%4%: EEFGHI4J 3KJ
LM+ 0.8 NOP, 2. Q0?<%: PRRSPRT" QB%6 :B=@ 1B01 1B% C5%D;%.6 %55=5 =C 1B%

124%&2.1%/5012=. 4%1B=8 2: 01 <%0:1 0. =58%5 :40<<%5 1B0. 1B% =.% =C 1B% UV 4%1B=8J

0: <=./ 0: 1B% =58%5 =C 1B% 124%&2.1%/5012=. 4%1B=8 2: =. 0 705 @21B 1B% =58%5 =C

1B% UV 4%1B=8" AB%. 1B2: 2: .=1 1B% 0:%J :;B 0: @B%. LM+ 2: ;:%8 C=5 p = 2 =5
p = 3J 1B% C5%D;%.6 %55=5 =C 1B% 124% 2.1%/5012=. 2: =44%.:;501% @21BJ =5 %W%%8:
1B01 =C 1B% UV 82:5%12:012=."

L=47=:212=. 4%1B=8:J :;B 0: LM+ 0.8 LM,J 05% X.=@. 1= ?% .=.&82::270123%

Y)!℄" QB;: =4?2.2./ 1B%4 @21B 0 :644%152 :70120< 82:5%12:012=. 5%:;<1: 2. 0.

%.%5/6&=.:%530123% C;<<6&82:5%1% 82:5%12:012=." V<=?0< G2B058:=. %W1507=<012=.

?0:%8 =. 0 =47=:212=. 4%1B=8 .01;50<<6 2.B%521: 1B2: 75=7%516" [=@%3%5J <=0<

G2B058:=. %W1507=<012=. 406 2.15=8;% 0 :<2/B1 82::27012=. %3%. @B%. ?0:%8 =. 0

.=.&82::270123% :B%4% :;B 0: LM+" A% :B=@ 1B2: 2. Q0?<% PT 0.8 .=1% 1B01 1B%

%55=5 2: /%.%50<<6 1== :40<< 1= B03% 0 5%0< 24701 =. :24;<012=.: 052:2./ 2. 75012%"

\6 =47052:=.J 1B% EEFGHI4J 3K :B%4% 2.15=8;%: 0 4;B 4=5% :2/.2]0.1 <%3%<
=C 82::27012=.J :B=@. 2. Q0?<% PTR"

^2.0<<6J @% .=1% 1B01 2C 0 124%&8%7%.8%.1 ?=;.8056 =.8212=. 2: ;:%8 2. I("#K

2.:1%08 =C 0 B=4=/%.%=;: =.%J =58%5 5%8;12=. 406 =;5" E%% Y##℄ C=5 1B% 7=::2?<%

%_%1: =C 1B2:"

 !" #$%'()*%+ ,-./,01

A% B03% 2.3%:12/01%8 1B% 124%&8%7%.8%.1 :%=.8&=58%5 `0W@%<< %D;012=. 2. 1B5%%

:70120< 824%.:2=.:" > 825%1 =47052:=. ?%1@%%. 1B% B2/B&=58%5 UV&^O` 0.8 1B%



 !" #$%&'() *+ ,- ./ 01213(

 !"#$ %&'(  !"#$"%' "!!(! )*+(,"- (%.' /' 01" 0)*" )%0"2!30)(%4 Re(ωτ
h) − ωh4 (5

01" 6789 *"01(- 5(! ,"*):-),!"0" %$*"!)3. 5!"#$"%)", ωh 03;"% 5!(* <3/." 8= <1"
%"230)>" >3.$", )%-)30" 0130 01" 5!"#$"%' "!!(! 3$,"- /' 01" 0)*" )%0"2!30)(% ($%0"!30,
0130 (5 )*+(,"- /' 01" ,+3" -),!"0),30)(%=

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  !"#$%%&'!() !&#(%%*'!(" !+#,",('!(*

p = 2 !-#)*))'!(% !"#*)"-'!(" !&#*-%+'!(*  

p = 3 !,#+&**'!() !+#((,%'!(" !-#+%-)'!(*  

 !"#$ %'( ?*32)%3!' +3!0 (5 01" %$*"!)3. 5!"#$"%'4 Im(ωτ
h)4 5(! 01" 6789 0)*":

)%0"2!30)(% *"01(-4 @1"!" 01" ,"*):-),!"0" %$*"!)3. 5!"#$"%)", ωh 3!" 03;"% 5!(* <3:
/." 8= <1), 0"!* ), !",+(%,)/." 5(! %$*"!)3. -),,)+30)(%=

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  !)#$)&+'!(" !-#)$$*'!(* !&#$(&,'!-(

p = 2 !-#"*+%'!() !,#$(%,'!(* !-#-*$-'!($  

p = 3 !+#,(+"'!(" !"#()*$'!($ !+#+("-'!-(  

 !"#$ %'&( ?*32)%3!' +3!0 (5 01" %$*"!)3. 5!"#$"%'4 Im(ωτ
h)4 5(! 01" AABCDE44 3F

0)*":)%0"2!30)(% *"01(-4 @1"!" 01" ,"*):-),!"0" %$*"!)3. 5!"#$"%)", ωh 3!" 03;"% 5!(*
<3/." 8= <1), 0"!* ), !",+(%,)/." 5(! %$*"!)3. -),,)+30)(%=

h = 1
2 h = 1

4 h = 1
8 h = 1

16

p = 1  !"#%$--'!(& !*#()**'!(% !$#%)$+'!()

p = 2 !-#,,&)'!(, !-#,+-"'!(& !-#)+%-'!(%  

p = 3 !,#*+%)'!(& !&#",,"'!(% !%#$-%)'!()  

./0.!123'2 H(curl)!156127/50 89: 15 ;1<. =<2><>2'3 ?53 >5=<2><>2'3 7'=.'=
@?= A21B/3'3 @.'5 H(curl)!156127/50 ./'2?2./ ;?=/= 6>5</15= ?2' >='3# C< .?=
2'B'?D'3 <.?<E /5 ?=' ./'2?2./ ;?=/= 6>5</15= ?2' >='3E <.' 17A><?</15?D 1=<

/= ?D2'?3F D1@'2 612 GH!89: @.'5 p = 3E 12 'B'5 p = 2 15 >5=<2><>2'3 7'=.'=#
I.' 17A><?</15?D <'=<= .?B' ./0.D/0.<'3 <.' 6?< <.?< <.' /5D>=/15 16 713'2?<'

153></B/<F 2'53'2= 7?5F 16 <.' A1A>D?2 </7'!/5<'02?</15 7'<.13= >517A'</</B'

1@/50 <1 ? =<2/50'5< </7'!=<'A 2'=<2/</15# C5 <.'=' ?='=E 0D1;?D 12 D1?D J/.?23=15

'K<2?A1D?</15= ;?='3 15 <.' ='153!123'2 17A1=/</15 7'<.13 A21B/3' ? B/?;D'

?D<'25?</B' ?= <.'F <2'?< <.' 153></B/<F <'27 /7AD//<DF#

I.21>0. ? 5>7'2/?D 3/=A'2=/15 ?53 3/==/A?</15 ?5?DF=/=E @' .?B' ?D=1 =.1@5

<.?< <.' =A?</?D 3/=2'</=?</15 317/5?<'= <.' 62'L>'5F '2212 ?= D150 ?= <.' 123'2 16

<.' </7' /5<'02?</15 /= ?< D'?=< <.' =?7' ?= <.' 123'2 16 <.' =A?</?D 3/=2'</=?</15#

M/5' <.' ='7/!3/=2'<' =F=<'7 /= =F77'<2/ ?53 <.'2'612' 15='2B'= N<.' 3/=2'<'O

'5'20FE ?AADF/50 ? 17A1=/</15 7'<.13 <1 /5<'02?<' /5 </7' 2'=>D<= /5 ? 6>DDF!
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 !"$%&% "'%(% &')& )*"+ +,"%$-%" .&'%  !"$%&%/ %,%$012





 !"#$%&  
 !" #$%&!"% '"( )* !++*"(',&!"%

 ! "#$% "#&%$%' (& #)*& +&,$*&+' )!)-.%&+ )!+ $/0-&/&!"&+ #$1#23,+&, 4!$"& &-&2

/&!" /&"#3+% 53, "#& 6)7(&-- &89)"$3!%: ;#& (3,< ),,$&+ 39" )! >& >,$&?.

%9//),$%&+ $! "#& 53--3($!1 03$!"%:

 @& #)*& %#3(! "#)" >. )00-.$!1 "#& (p + 1)%"23,+&, AAB2CD %#&/& "3 )

!3+)- +$%3!"$!939% E)-&,<$! FGEH %0)"$)- +$%,&"$%)"$3! ($"# p"#23,+&, 03-.2

!3/$)-% (& )! ,&")$! (p+1)%"23,+&, 3!*&,1&!& $! "#& 03$!"($%& l22!3,/:  "

#)% >&&! )-%3 +&/3!%",)"&+' "#,391# !9/&,$)- I39,$&, )!)-.%$%' "#)" 53, "#$%

/&"#3+ "#& 59--. +$%,&"& %#&/& $% >3"# +$%0&,%$*& )!+ +$%%$0)"$*&: J3(&*&,'

"#& ,)"& 35 3!*&,1&!& 53, "#& +$%0&,%$3! )!+ +$%%$0)"$3! &,,3, $% #$1#&, "#)!

"#)" 35 "#& 03$!"($%& l22&,,3,' )!+ "#&,&53,& 35"&! !&1-$1$>-&:

 @& #)*& 0,3*$+&+ ) 5,)/&(3,< "3 $/0-&/&!" #$1#23,+&, 4!$"& &-&/&!" /&"#2

3+% 3! "&",)#&+,)- /&%#&% (#&! #$&,),#$ H(curl)23!53,/$!1 >)%$% 59!2

"$3!% ),& 9%&+: @& #)*& #$1#-$1#"&+' "#,391# ) %$/0-& &7)/0-&' ) 03%%$>-&

+$%,&0)!. $! "#& +&4!$"$3! 35 3!& ".0& 35 >)%$% 59!"$3!% $! "#& 3!%",9"$3!

35 "#& >)%$%: K %$/0-& %3-9"$3! "3 "#$% 0,3>-&/ #)% )-%3 >&&! 0,303%&+:

 @& #)*& +&,$*&+ 30"$/)- 0&!)-". 0),)/&"&,% )!+ &,,3, &%"$/)"&% 53, %.//&"2

,$ +$%3!"$!939% E)-&,<$! +$%,&"$%)"$3!% 35 "#& %&3!+23,+&, "$/&2#),/3!$

6)7(&-- &89)"$3!%: L9/&,$)- &7)/0-&% 3! "#,&&2+$/&!%$3!)- /&%#&% #)*&

>&&! 0,&%&!"&+ "3 *&,$5. "#& %#),0!&%% 35 "#& "#&3,&"$)- &%"$/)"&% )!+ )-%3

"3 %#3( )%./0"3"$ 3!*&,1&!&:

 I3, "#& "$/&2+&0&!+&!" %&3!+23,+&, 6)7(&-- &89)"$3!' (& #)*& 0,3*$+&+

) +$,&" 3/0),$%3! >&"(&&! "#& #$1#23,+&, GE2IM6 )!+ "#& #$1#23,+&,

H(curl)23!53,/$!1 IM6 3! >3"# %",9"9,&+ )!+ 9!%",9"9,&+ "&",)#&+,)-

/&%#&%:  " #)% ,&*&)-&+ "#)"' $! )%& H(curl)23!53,/$!1 #$&,),#$ >)%$%

59!"$3!% ),& 9%&+' "#& 3/09")"$3!)- 3%"% ),& )-,&)+. -3(&, 53, GE2IM6



 !" #$%&'() *+ #,-/012,-1 %-3 )(,44(-3%'2,-1

 !"# p = 3$ %& "'"# p = 2 %# (#)*&(*(&", -")!"). /" !0'" 01)% !23!123!*",
*!0* %#,(*2'2*4 &"#,"&) -0#4 %5 *!" *2-"62#*"3&0*2%# -"*!%,) (#%-7"*6

2*2'"$ 2#  !2! 0)") 31%801 %& 1%01 92!0&,)%# ":*&07%10*2%#) 80)", %# *!"

)"%#,6%&,"& %-7%)2*2%# -"*!%, -04 8" *!" 01*"&#0*2'".

;* 2) 01)% 1"0&$ !% "'"&$ *!0* -0#4 &")"0&! <(")*2%#) !0'" &"-02#", (#0#) "&",.

/2*!%(* 02-2#3 5%& %-71"*"#"))$  " 12)* *!%)" *!0* %(1, 8" *!" -%)* ,2&"* %#6

*2#(0*2%#) %5 *!" &")"0&! 7&")"#*", !"&".

 =")72*" *!" 2-7&%'"-"#*) 7&")"#*", 2# *!2) *!")2)$ *!" >?@ %#,2*2%# %5 !23!6

%&,"& A#2*" "1"-"#* -"*!%,) 2) )*211 *%% &")*&2*2'"$ )2#" 2* 2) 7&%7%&*2%#01 *%

*!" 2#'"&)" %5 *!" 7%14#%-201 %&,"&. ?%& *!" 0,'"*2%# "<(0*2%#$ 2* 2) 7%))281"

*% 3"* &2, %5 *!2) ,"7"#,"#" 84 *!" ()" %5 %'%1(-" A1*"&). B% "'"&$ *!"

3"#"&012*4 %5 *!2) 077&%0! 2) )*211 *% 8" 2#'")*230*",.

 C!" -%*2'0*2%# 8"!2#, ()2#3 !2"&0&!2 H(curl)6%#5%&-2#3 80)2) 5(#*2%#)
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